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Introduction

The idea of triangulated category and the one of derived category, which are originally
due to Grothendieck and Verdier, have been at the center of a good portion of
contemporary research in algebraic geometry.

The axioms behind the notion of derived category seem, at a first glance, somewhat
unnatural. To answer the question: "why do we need to study derived categories?"
it is interesting to read Verdier’s words in his PhD thesis.

“Dans I’ étude des foncteurs dérivés d’un foncteur composé de deux foncteurs, des
propriétés d’associativité, des relations du type de Kiinneth, on est amené a étendre
le formalisme des foncteurs dérivés au cas ou ’argument n’est plus seulement un
objet de la catégorie étudiée, mais un complexe d’objets de cette catégorie. ”

Hence, the most natural answer to the question "why derived categories?" lies in the
world of derived functors.

In algebraic geometry, there exists a class of functors which arise in a natural way
(the global sections of a coherent sheaf, the need to pull-back or the push forward
of a coherent sheaf, the tensor product of sheaves, etc.). These are functors from
the category Coh to itself. The category Coh is abelian and it makes sense to talk
about exact sequences in Coh and ask wether these functors are exact. Some of
these functors are just right or left exact an the lack of exactness is in some sense
measured by the derived functors of the given functor.

It turns out that the most natural context to define these functors is not the category
Coh itself but its derived category in which the objects are complexes of coherent
sheaves rather than coherent sheaves.

The structure of a triangulated category comes up while studying derived categories.
What happens is that the derived category of an abelian category is in general not
abelian, but it admits, nonetheless, an additional structure which makes it behave
almost like an abelian category. A triangulated category axiomatizes this behavior.
In a triangulated category exact sequences are replaced by distinguished triangles.

Given the derived category of a variety 2(X), it is natural to consider its group of
exact autoequivalences AutZ(X). A powerful tool, in this context, is the Fourier-
Mukai tranform: the idea behind it is that one can go from the derived category of
a certain variety X to the derived category of another varitety Y via the derived
category of their product, X x Y. To each object of the derived category &° €
P(X x Y) one can associate a Fourier-Mukai transform ®ge and give explicit
condition for it to be fully faithful. The importance of Fourier-Mukai transforms lies
in a theorem due to Orlov, namely Theorem 3.1.5: given an exact autoequivalence of
2(X), there exists an object in Z(X x X) such that the corresponding Fourier-Mukai
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transform is isomorphic to the exact autoequivalence itself. This means that the
group AutZ(X) can be described in terms of the category Z(X x X). This will
be very useful when considering the natural action of the group AutZ(X) on the
variety of Bridgeland’s stability conditions.

In fact the main objective of this thesis, is to study Bridgeland’s idea of extending
the notion of a stability condition to an arbitrary triangulated category.

The notion of stability first came up in building moduli spaces of sheaves on a fixed
variety. Given an ample divisor H on a complex variety X, one can define the slope
of a torsion - free sheaf .# with respect to H as:

pu(F) = Clﬁig)}[;

a sheaf .7 is called stable if for each subsheaf & C .%, one has puy (&) < pg (%) or,
equivalently, for each quotient .# — ¢ one has pup (%) < pu(94).

The idea behind Bridgekland’s theory has been first introduced by Douglas, who
developed the theory of Il-stability in the context of D-branes, then it was generalized
by Bridgeland in [2]. What Bridgeland observed is that to get some nicely behaved
stability condition, one has to require a positivity condition on nonzero objects. He
defines a stability function on al abelian category 2/ as a group homomorphism

Z:K()—C

such that if [E] # [0] in the Grothendieck group K(<7), then Z([E]) lies in the
positive upper-half plane H = {re™® | ¢ € (0,1]}. Then the slope of an object
E € of is defined as

where [E] is the class of E in the Grothendieck group. Exactly as in the old notion
of stability, an object is called semistable (resp. stable ) if for each proper subobject
F C E, one has ¢(F) < ¢(E) (resp ¢(F') < ¢(E)). Roughly speaking, one is asking
that the ordering given by phases behaves well with respect to subobjects and
quotients, i.e. with respect to the abelian character of the category /. Everything
goes well, until one tries to deform a stability function (i.e., considering small
perturbation of the phases of semistable objects ). The problem, in fact, is that
there are stability function which, when deformed, do not respect the positivity
condition anymore: intuitively, one can think of the case when there exist semistable
objects with phase equal to one. The problem is then solved by considering a
triangulated category, instead of an abelian one. This idea simply comes by noticing
that if a vector lies in the lower half plane, then its image via the reflection with
respect to the origin lies in the upper-half plane again, and from the fact that, in
the Grothendieck group of a triangulated category &, one has that —[E] = [E[1]]
for each [E] € K(2). Therefore, we need to shift object in order to preserve the
positivity condition. Unfortunately, when passing from an abelian to a triangulated
category, one loses the concepts of "subobject" and "quotient": a new tool is needed
in order to take the ordering back. Rougly speaking, what one does is to slice the
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category into slices which are indexed by real numbers, so that it becomes again
possible to talk about phases.

The next step is to take the set Stab(2) of all the stability conditions on a triangulated
category 2 and put a topology on it. A key result (Theorem 2.4.8) is that the
topological space Stab(Z) can be endowed with the structure of a complex manifold.
To study this space is one can study all the moduli spaces of objects in the derived
category Z which can be built by varying the stability condition. In particular, we
will fix our attention to the case when Z is the derived category of a K3 surface
X. The space Stab(X) := Stab(2°(X)) has a wall-and-chamber structure. This
means that the condition for an object to be stable is preserved through small
deformations of the stability condition, until one crosses one of the walls (which
will be codimension-one subvarieties), which marks a "border” of stability condition.
Then, the question one can ask is: "what happens to the moduli space of objects
in the category when crossing a wall?'. The answer is that there are particular
birationalities, called Mukai flops, which map a given moduli space to the ones
across the various walls.
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Chapter 1

Triangulated and derived
categories

1.1 Triangulated categories

Triangulated categories were first introduced by Verdier in his PhD thesis, whose
goal was to supply to the structure of an abelian category whenever it was not
available. The rise of this additional structure came up while studying the derived
category of an arbitrary abelian category: the point is that, even if a category & is
abelian, its derived category D(<7) is almost never abelian (we will later produce a
very convincing example of it). The peculiarity of a triangulated structure is that
the objects characterizing abelian categories, i.e. short exact sequences, are replaced
by similar objects, the so called distinct triangles, which in some way “behave like”
short exact sequences. This will allow us to define a weaker version of the concepts
of “subobject” and “quotient”, so that it will be easier to replicate what we usually
do in abelian categories. Let us start recalling a definition:

Definition 1.1.1. Let ¥, Z be additive categories. An additive equivalence be-
tween € and & is an equivalence F : 4 — & so that, for every couple of objects
A, B € €, the function Homy (A, B) = Homg (F(A), F(B)) (I will usually write
Hom(e, ®) omitting the ambient category when it is beyond misunderstanding) is an
isomorphism of abelian groups.

We are now ready to define a triangulated structure on an additive category.
Definition 1.1.2. Let Z be an additive category. A triangulated structure on 2 is
given by:

e an additive equivalence T : Z — 2, called shift functor;

o a class of distinguished triangles (shortly DT ), i.e. triangles of the form

Alsp 9oy T(A), with A, B,C € Ob(2), verifying the following

axioms:
TC1 i) Every triangle of the form A 2 A0 T(A) is a DT,
ii) If A I 4o T(A) is a DT, then its shift B -2+ C SN
7(4) " is a DT



1. Triangulated and derived categories

iii) Any morphism A L B can be completed to a DT: it means that
there exists an object C' and a morphism B -5 C' so that the triangle

ALiB 2 oA isa DTy

A morphism of DT is a commuting diagram of the form:

A B C T(A)
W
A B ' T(A).

A morphism of DT is an isomorphism if a, 8,7 are isomorphism in Z (note
that if « is an isomorphism, then T'(«) is an isomorphism, too, because the
functor T is an equivalence).

TC2 Any triangle isomorphic to a DT is a DT itself.

TC3 IfA—B—C —T(A)and A — B — C' — T(A’) are DT
and if there exists a pair of morphisms o : A — A’ and 8 : B — B’ so
that the square

commutes, then there exists a morphism v : C' — C’ (not necessarily
unique) so that the diagram

commutes.

TC4 (Octahedron axiom) given the following three DTs:
ALlip o
B-L ot A —T1(B)
AL o LT

there exist a DT ¢ % B’ 5 A’ =5 T(C") so that the diagram below
commutes:
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a-t.p_* c T(A)
id h u id
A G T(A
: (1)
f id T(f)
B4 .co_k f\;’ T
(B)
h l id T(h)

o Y>=B =AY T(C/)

this diagram can also be displayed as an octahedron (hence the name):

X ?/C
\\AB//'

Sometimes it could be useful to visualize the octahedron axiom as follows: if
we have a composition

A

ALy B9 ¢

then the cones of f,g and g o f fit in a distinguished triangle:

+1

D

()

B

/
F
C(gof)
g
f C
E
*\
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Roughly speaking, we set a class of object resembling short exact sequence, which
we ask to contain trivial objects, to have enough objects and morphisms between
them, and to be closed under shift and isomorphism.

Notation 1.1.3. We will usually write A[1] and f[1] for T'(A) and T'(f) respectively,
and a DT might also be written as A — B — C AL

There follow some ready-made properties:

Properties:

We recall that, if (2, T) is a triangulated category and ./ and abelian category, an
additive functor F' : ¥ — o7 is cohomological if whenever A — B — C Hisa
DT in 2, then F(A) — F(B) — F(C) is an exact sequence in 7.

1. The composition of two subsequent arrows in a DT is zero.

Proof. There is a commutative diagram:

Aty 0 T(A)

The two triangles are both distinct and the first square on the left obviously
commutes, so there exists an arrow (the dotted one in the diagram, which is
clearly trivial), so that everything commutes. In particular, we have go f =
fo0=0. O

2. For any X € 2 the functors Hom(X,e) and Hom(e, X) are cohomological
functors between 2 and Ab, where Ab is the category af abelian groups. (Note
that TC1 ii) implies that each DT gives rise to a long exact sequence in Ab).

Proof. We want to prove that if A — B — C L the sequences
Hom(X, A) — Hom(X, B) — Hom(X, C)
Hom(C, X) — Hom(B, X) — Hom(A4, X)
are exact. Let us consider the first sequence: the fact that Ker D Ima follows

from the first property. To prove the converse, consider ) € Hom(X, B) such
that g o9 = 0. We have the following diagram:

X X 0 Xz[l]
T
A B C Al
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the center square commutes, so we can applying a slightly modified third axiom
to get the dotted map which lifts ¢. Arguing in a similar way, one proves that
the second sequence is exact, too.

O]

3. If we have a morphism between two triangles

A B C AL]

R

A B o A1)

and any two vertical arrows are isomorphisms, so is the third one (nice use of
the five lemma,).

Proof. We apply the first of all the third axiom to get an arrow C — C’
which makes everything commute, then we use the preceding property. Let us
suppose that the first two of the vertical arrows are isomorphisms. Applying
the functor Hom(X, e) to the diagram, we get:

Hom(X, A) — Hom(X, B) — Hom(X, C) — Hom(X, A[1]) — Hom(X, B[1])

Hom(X,a)l’é Hom(X,,B)i% Hom(X,v) Hom(X,oz[l])i% Hom(X,ﬂ[l])lE

Y
Hom(X, A") — Hom(X, B’) — Hom(X, C") — Hom(X, A’[1]) — Hom(X, B'[1])

where, for all X € 2, all the vertical arrows except the middle one are
isomorphisms, and everything commutes because it commutes first of all in
the two TDs diagram. Then, the five lemma ensure us that the middle one,

too, is an isomorphism. But the fact that Hom (X, C) = Hom(X, ") is an
isomorphism for all X € 2 implies that C — C” is an isomorphism, too.
[

4. The direct sum' of two DTs is a DT.

Proof. Let A Typ 2o and A L B L o Y e distinet triangle.
The morphism A @ A’ 1) g ® B’ can be completed to a distinct triangle:
Aoa Y pep 2 pf, A[l] @ A’[1]%. We have two diagrams:

f

A B—' ¢ A[1]

(o)) ()] e

ABA =BOB —=D—= A& AL

ITo be precise, here the symbol of direct sum means the coproduct in 2, which is first of all
additive.
*Notice that (A @® A’)[1] = A[1] ® A'[1] because the shift functor is an equivalence.
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Y/ - A[L]

(o)) Cad) o
A@A%mﬁB@B’»E>MH@Am

which are both commutative because of the third axiom. Therefore, also the
following one is commutative:

ApA——=BoB —CaoC' ——All]® A'[1]
IdA@A’\L lIdBGBB’ %(@AP') l

Y
AcA —~BeB > ~D—" _ Anje A1)

We have thus found a map C & C’ (%) D which makes everything commute.
We just need to show that this map is an isomprphism. Apply the functor

Hom(X, e) to the diagram:

Hom(X, A& A’) > Hom(X, B® B’) > Hom(X,C ¢ C’) = Hom(X, A[1 ¢ A’[1]) = Hom(X, B[1] ¢ B’[1])
lHom(X,IdAEDA/) lHom(X,IdBeBB/) ‘(Hom(X,((p,cpl)) l

Hom(X, A& A’) > Hom(X, B® B') —> Hom(X, D) —> Hom(X, A[1] & A’[1]) > Hom(X, B[1] ¢ B’[1])

the first row is exact because it is the direct sum of two exact sequences
(remember that Hom(X,Y @ Z) 2 Hom(X,Y) ® Hom(X, Z) for all XY, Z €
2), while the second one is exact because we are just applying the functor
Hom(X, e) to a DT. Moreover, all the vertical arrows except the middle one are
isomorphisms (again, Hom(X, e) applied to the identity map), so the middle
one is an isomorphism, too, because of the five lemma. But, by the arbitrary

choice of X, we can conclude that the map C & C’ (%) D is an isomorphism,
as well.

O]

JIf A LA B NG RN A[l] is a DT and h is the zero morphism, then
B2 AsC.

Proof. The triangle A (1940) 4 eC ©Lde) ok, A[1] is the direct sum of the
triangles A TAp—0— Allland 0 — C 18 ¢ — 0 which are distinct

because of axiom TC1, so it is distinct itself. Therefore, applying the functor
Hom(X,e) for some X € 2, we get an exact sequence:

Hom(X,h)
—

Hom(X, A) — Hom(X, A)¢Hom(X,C) — Hom(X, C) Hom(X, A[1]) .
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By exactness, the map Hom(X, h) must be zero, and by the fact that we can
choose an arbitrary X € 2, we get that h = 0 itself. For the converse, let us
consider the following diagram:

-1 4 B

: C
\Lfd de lld
Y
C

we supposed h = 0, so h[—1] = 0, too, because the shift functor is an equivalence.
The first square obviously commutes, so the dotted arrow in the diagram exists
and everything commutes. Moreover, we have two out of the three vertical
arrows which are isomorphisms, so applying property 2. we get that the third
one is an isomorphism, too.

O]

6. If AL B2 ¢ T(A) is a DT, then A= B iff C 0.

Proof. As usual, let us apply the functor Hom(X, e) to the DT:

Hom(X, C[-1]) — Hom(X, A) — Hom(X, B) — Hom(X,C) — Hom(X, A[1]) .

Now, C' = 0 (and therefore C[—1] = 0 because the inverse of the shift functor is
an equivalence, as well) if and only if Hom(X,C) = 0 and Hom(X,C[-1]) =0
for all X € Z and, in this case, Hom(X, A) = Hom(X, B). But this holds for
all X € 2 if and only if A = B. O

We will now prove a proposition which will help us later, when our goal will be to
prove that the derived category of an abelian category in general is not abelian.

Proposition 1.1.4. Let &/ be an abelian triangulated category. Then <7 is semisim-
ple, i.e. any short exact sequence in </ splits.

Proof. Let 0 — A L. Bbea monomorphism in . The morphism A 7, B can
be completed to a DT , i.e. there exist an object C € & and a morphism B NG

so that the triangle A TS o A[l] is distinguished. It means that the
triangle C[—1] }E)] AL B4 ois distinguished, too. By property 1) we get
that h[—1] o f = 0 and the fact that f is a monomorphism implies h[—1] = 0. But

the shift functor (and therefore its inverse) is an equivalence, so h = 0. By property
4), this means that B= A¢ C O
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1.2 Derived categories: a rough construction

We will now give an idea of what the derived category of an abelian category is. Note
that almost everything we are going to introduce in this section can be done with
arbitrary caregories, but we will treat just the abelian case, because we are mainly
interested in it. Let &/ be an abelian category, as usual. We are now interested in
the complezes of objects which belong to <.

Definition 1.2.1. A complez in </ is a diagram of this form:

R AN o
where:
1. A e,
2. @ lodl =0
for all j € Z.
Notation 1.2.2. We will usually write A® instead of (... — A1 IR
ALy,

Definition 1.2.3. A morphism of complexes f®: A* — B® is a family of arrows
{fj}jez such that the diagram

1 dyt dt ditt

Aif Ai A Ai+1 A

\Lfil lfi \szﬁrl
di—l i di+1

Bifl B Bz dp Bi+1 B

commutes, i.e. df:rl o fitl = fio dgg Vj € Z.

It is easy to show that the class of morphisms contains identity and is closed under
composition. Therefore we can conclude:

Definition 1.2.4. The complexes of objects in 7 together with the morphisms of
complexes defined as above form a category, which we will call Kom(«) .

A quick result is that the category of complexes of an abelian category is abelian,
too. Given a morphism f®: A®* — B°®, its kernel can be defined as the complex
(Kerf®)! = Ker(f?) (cokernel will be defined in an analogous way). An easy check
shows then that for every morphism f*® as above, there is an isomorphism Ker f® =
Cokerf*®. Although, we are not interested in working with Kom(</): the problem
is, we want to identify complexes with the same cohomology. We recall that the

cohomology of a complex A® is:

iar) = Ry

Imd’;
The cohomology of the complex 0* = (... — 0 — ... — 0 — ...) is obviously
zero for all integers, but the converse is not true: H*(A®) =0 Vi € Z simply means
that the complex A® is exact, i.e. Kerdf'A = Imd;—l Vi € Z. Derived categories are
built in order to avoid this. Let us give a definition:
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Definition 1.2.5. Let f® : A* — B® be a morphism of complexes. Then f*®
is a quasi-isomorphism (or, shortly, qis) if H'(f®) : H'(A*) — H'(B®) is an
isomorphism for all integers 1.

What want to do is to invert formally qis’s or, in other words, localize the class of
morphisms with respect to the subclasses of gis’s. The process, though, is very long
and detailed, so we will just give the idea of what morphisms are. Let’s first give an
intermediate step, which will make everything work: to define the derived category
of &7, we need to pass through the so-called homotopy category K (7).

Definition 1.2.6. Let f*,g* : A* — B*® be morphisms of complexes. Then f*® and
g® are homotopically equivalent if for each i € Z there exists a map h' : A* — B!
so that

fi—gt :hiJrlodfq—l—dglohi ,
as shown in the following diagram:

g1 di Jit+1
AL A o i A qil A

fim1 llgl—l : fz llgz i Ju+1 J/lgi-H
. 4

> Bi_l — BZ — Bi+1 — ... .
d’zfl db d1+1
B B B

It’s easy to check homotopic equivalence is an equivalence relation.

So we can define the homotopy category in this way:

o Ob(H () = Ob(Kom()),

« VA,Be X (), Homy ()(A, B) = Homg () (A, B)/ ~

where ~ is homotopic equivalence. We need to pass through homotopy category
because we will ask any of the diagrams we are going to introduce to commute up to
homotopy. Let us now define the derived category. The objects of D(/) are exactly
the same objects of Kom(</) and J# (<), i.e. the complexes of o/. To describe
the class of morphism, we need to consider that, if qis’s are to be considered as
isomorphisms, any morphism A®* — B*® should count as a morphism C* — B®, if
C* — A*® is a qis. Therefore, given any two objects A®, B®* € 2(/), a morphism
between A® and B*® is an equivalence class of diagrams of this type:

Aiy \B

where two such diagrams are equivalent if there exists a third commutative (note:
in J#(o7)!) diagram of this type:
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qis / \
e Cy
V'qis qis \

14

A B.
It is easy to check that the one defined above is actually an equivalence relation.
Now we need to define the composition of two morphisms, and verify that identity

is a morphism, and the composition is associative. Given two morphisms, between
respectively A®, B® and C* in 7, the composition is defined as a diagram:

Co
2N
o Cy
y \ ji/ \
A B C .

Associativity comes from the fact that everything commutes in J¢ (&), while it is
obvious that identity is a morphism (take B = A, and C' quasi-isomorphic to A: this
will work).

Now, the problem is: the derived category Z(<7), where o/ is abelian, is in general
not abelian itself. Let us consider the “queen” of abelian categories (thanks to
Mitchell’s embedding theorem), i.e. Ab= {abelian groups}. Proposition 1.1.4.
tells us that if Z(Ab) were triangulated and abelian, then it would be semisimple.
We will later prove that the derived category of an abelian category has a natural
triangulated structure, so it suffices to show that it is not semisimple in order to prove
that it is not abelian. First notice that there is a canonical embedding Ab — Z(Ab)
which is fully faithful, so it suffices to find a short exact sequence which doesn’t split
in Ab to prove that Z(Ab) is not semisimple. But there’s plenty of them: think,
for example, to Z 2.7 Zso. Therefore, we have found a convincing example of
the fact that the derived category of an abelian category is in general not abelian.

We will now give a natural triangulated structure on Z(.<) and later, using Propo-
sition 1.1.4, we will be able to show that it is not abelian. To give a triangulated
structure, we need first of all to give an additive equivalence [1] : Z(&/) — 2(7).
Let us give a definition:

Definition 1.2.7. Let A® € Z(<7) be a complex. Then we define:
(A*[R))" = ARy o= (—D)Fa*
and, if f*: A®* — B® is a morphism of complexes, we set
JIK): A® — B®, f[K]:= [T

It is easy to verify that the one defined above is actually an equivalence: an explicit
inverse is given by [-1] : 2(«) — 2(&7) , (A*]—1])" = A"} so we can generalize
the definition above to k € Z.
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Definition 1.2.8. Let f* : A* — B® be a morphism in the derived category.
Then the mapping cone of f* is the complex C(f*®), where C(f*)! = A1 @ B? and
. _diFL pi
d: = A » .
c(fe) 0 diy

An easy computation shows that dgss), defined as above, is actually a complex
differential. There is a triangle:

A LS B o) = A
where the two maps 7 and 7 are the obvious ones: 7' : B® — C(f*)' = A"t @ B
is the canonical immersion, while 7 : C(f*)" = At @ B! — (A*)! = A" is the
projection on the first factor. We can now define the class of distinct triangles:

Definition 1.2.9. A distinct triangle in Z(</) is a triangle which is isomorphic to
a triangle of the form A* L5 B* -5 O(f*) =+ A*[1].

We should check that this one actually defines a class of distinct triangle, i.e. that
the four axioms of the triangulated structure are verified; this would lead to the
result that the natural shift functor together with the class of DT defined above is
a triangulated structure over Z(<7). Nevertheless, the needed check-work is long
and not so useful to understand what will come later, so we refer to literature (for
example, Schapira-Kashiwara give a very detailed proof of it).






Chapter 2

Stability on triangulated and
abelian categories

2.1 Stability functions on abelian categories

Let us recall a definition:

Definition 2.1.1. Let o7 be an essentially small abelian category. The Grothendieck
group K (<) of 7 is the abelian group generated by isomorphism classes of objects
of o7, with relations of the form [B] = [A] 4+ [C] whenever 0 — A — B — C'is a
short exact sequence in 7. Tts positive cone Ko(</) consists of all the isomorphism
classes of those elements of &7 which are not isomorphic to the zero object.

We are now ready to give the central definition:

Definition 2.1.2. A stability function Z on an abelian category is a group homo-
morphism:
Z : K(o)—C

U U
K>0(£{) — H

so that the positive cone K~¢(&) is mapped into the upper half complex plane
H = {rei™¢ | r € (0,+00),¢ € (0,1]}. The image of the isomorphism class of any
nonzero object 0 # E € </ can therefore be written as Z(E) = m(E)e'™*F)| where
m(E) is called mass of E, while ¢(E) = LargZ(FE) is called phase of E.

Given a stability function on &7, we are ready to give the notion of semistable and
stable objects.

Definition 2.1.3. Let Z : K(&/) — C be a stability function on /. A nonzero
object 0 # E € & is called Z - semistable (or simply semistable, dropping the
stability function when there is no confusion) if for any F' C E subobject of FE,
d(F) < ¢(E), or equivalently for every quotient F — G, ¢(E) < ¢(G). An object E
is called Z-stable (or simply stable) when both the inequalties in the definition are
strict.

'The Grothendieck group K (<) of an abelian category .27 has nothing to do with its homotopy
category , even if we call them in the same way. From now on, unless differently specified, K ()
will stand for the Grothendieck group of «.

13
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We can display this request as follows:

Z(E)

Guotients
Subobjects

A first, very important property of semistable object, which we will try to reproduce
when we will be dealing with triangulated categories, is the following one:

Proposition 2.1.4. Let Z be a stability function on <7, and let E, F be semistable
with respect to Z. If Homy (E, F) # 0, then ¢(E) < ¢(F).

Proof. Suppose there exists a nonzero map f : E — F. Then there are two obvious
short exact sequences:

0 — Kerf — E — Coimf — 0,
0 — Imf — F — Cokerf — 0.

Now, F is semistable, Kerf € FE is a subobject and £ — Coimf is a quotient, so
it must be ¢(Kerf) < ¢(E); analogously ¢(Imf) < ¢(F) < ¢(Cokerf). But & is an
abelian category, so Imf = Coimf. It follows that ¢(F) < ¢(Coimf) = ¢(Imf) <
o(F). O

Let us now introduce a filtration which will allow us to decompose in some sense
non-semistable objects into semistable factors.

Definition 2.1.5. Let E € & be a nonzero object, and let Z be a stability condition
on «/. The Harder-Narasimhan filtration of E (shortly, H-N) with respect to Z is:

O=FCFEFC..CE,1CFE,=F
such that for each j =0, ..., n:
1. the quotient F; := E; /E;_1 is Z-semistable;
2. The phases ¢(F1) > ... > ¢(F,) decrease.

A stability condition Z is said to have the H-N property if each nonzero object
possesses the H-N filtration with respect to Z.

Proposition 2.1.6. Let E € & be nonzero. Then, the Harder-Narasimhan filtration
of E, if exists, is unique.
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Proof. Assume that

E,={0=FEyCcE,C..CE,1CE,=FE}
with quotients F;, and

E,={0=E,CE,C..CE,_,CE, =E}

with quotients F] are two Harder-Narasimhan filtrations of E. We can assume,
without any loss of generality, that ¢(E]) > ¢(F1). Let j be minimal such that
E} C Ej. Then the map

Ei ‘—>Ej — Ej/Ej,1 :Fj

is non trivial, because E} ¢ E;j_1. Then, by the previous proposition, ¢(E7) < ¢(F}),
because they are both semistable (notice that Ff = F}). But we assumed that
H(Er) < ¢(E1), so ¢(E1) = ¢(F1) < ¢(Fj), which is an absurd because the phases
of semistable factors in the Harder-Narasimhan filtration strictly decrease. The
only possibility is that F; = Fy, i.e. j = 1. Therefore Ef C Ej, so it must be
¢(E]) < ¢(F1). This means that we can repeat the same argument by simply
switching E, and E,, and we will find E] = E;. We can repeat the same agument
for the HN filtration of E,F1, i.e. consider the quotient of Fs and E, by E;. We
will thus find that Fy := Ey /Fy = Eb, /FEy =: Fy. Tterating, we will get that n = m
and F; = F/ for each i = 1,...,n. This implies that F, = E. O

The following result gives a sufficient condition for the existence of the HN-filtration.

Proposition 2.1.7. Let &/ be an abelian category, and let Z be a stability condition
on . Suppose that:

1. Neither infinite chains of subobject ... C E; C Eji1 C ... such that ¢(E;) >
¢(Ejt1) for each j,

2. Nor infinite chains of quotients ... - E; — Eji1 — ... such that ¢(E;) >
¢(Ejq1) for each j

exist in /. Then Z has the H-N property.

Before proving the proposition, notice that condition 1) and condition 2) imply that
if E € o/ is a nonzero object, then either F is semistable or there exist a semistable
subobject A C E such that ¢(A4) > ¢(F), and a semistable quotient £ — B such
that ¢(E) > ¢(B). In fact, suppose E is not semistable: then there is a nonzero
subobject F' C E such that ¢(F) > ¢(F). Now, if F' is semistable we are done,
otherwise F' has itself a nonzero subobject F’ C F such that ¢(F') > ¢(F) > ¢(E).
Iterating, we find a chain of subobjects with decreasing phases. By condition 2)
this chain cannot be infinite, so after a finite number of steps we find a semistable
subobject A C E with ¢(A) > ¢(E). A similar argument shows the claim about
quotients.

We now give a definition which will be relevant in our proof:

Definition 2.1.8. Let E € &/ be nonzero. A mazimally destabilizing quotient for
E (shortly, mdq) is a quotient E — B such that if £ — B’ is another quotient
for E, then
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« ¢(B') = ¢(B);
o ¢(B') = ¢(B) iff E — B’ factors through £ — B:

Roughly speaking, what we are looking for is the quotients with smaller phase and,
amongst them, the minimal one. Let us now notice something about mdgs:

1. Mdq is unique up to isomorphism: if £ — B and £ — B’ are both mdqs, of
course ¢(B) = ¢(B’) and by definition E — B’ factors via B and viceversa;
this means that we have

p-.p_ . p
Y
E-2.p_-%.B

(e

so foa =, oy = «; therefore o foa = a, fod oy =~ and finally
dop =1dp, fod = Idp because v and « are both epimosphisms.

2. If ¥ € & is semistable, then F 1 B s a mdq for E. This simply follows
from the definition: if £ — B is a quotient for E, then ¢(B) > ¢(FE) because
of the semistability of F.

3. If E — B is a mdq for E, then ¢(B) < ¢(E), and ¢(B) = ¢(F) means

FE semistable. In fact, F 1 Bisa quotient, so because of mdq property
¢(B) < ¢(E), but if F is not semistable, then there will esist a quotient of F,
let’s say E — B’ with a strictly smaller phase; then ¢(B) < ¢(B') < ¢(E).

4. If E — B is a mdq for E, then B itself is semistable: in fact any quotient
B — B’ for B is also a quotient for E, by composition; then, ¢(B’) > ¢(B)
by definition of mdq.

We are now ready to prove proposition 2.1.7 .

Proof. STEP 1 We will show that any nonzero object has an mdq. First note that
it is enough to check the mdq condition just on semistable quotients. In fact,
if E — B’ is a quotient and B’ is not semistable, then for what we said above
there exists a semistable quotient B’ — B” such that ¢(B") < ¢(B’); B is,
by composition, a quotient for E, too, so if ¢(B) < ¢(B"), then in particular
we will have ¢(B) < ¢(B’). Let us consider a nonzero object £ € «7. If E
is semistable, then E possessed a mdq for what said above, i.e. F ELNY NN
FE is not semistable, then there will exist a semistable subobject A C E with
®(A) > ¢(F), as we already noticed. We can complete the inclusion morphism
A — B to a short exact sequence:



2.1 Stability functions on abelian categories 17

0—A—FE—F —0,

with phases in decreasing order, i.e. ¢(A4) > ¢(E) > ¢(E’').2 We claim that a
mdq for E’ is a mdq for E. Let us show this. Suppose that £/ — B is a mdq
for E. Then E — B is a quotient, and we need to check the mdq condition.
Take another quotient £ — B’, with B’ semistable (this will do because of
what we said at the beginning of the proof). Suppose that ¢(B’) < ¢(B). We
have a commutative diagram:

)

where the arrow A — B’ is just the composition of A — F and E — B’.
We have ¢(E') < ¢(B) because E' — B is a mdq, ¢(B) > ¢(B’) for what
we have just supposed, and ¢(A) > ¢(E) > ¢(E'), therefore, reading the
long chain of inequalties, we get that ¢(A) > ¢(B’). But A and B’ are both
semistable, then Hom, (A, B') = 0. This means that the composition of
A — E and E — B’ must be zero, therefore, because of the universal
property of the kernel, the arrow £ — B’ factors through E':

0 A E E’ 0

Bl

Thus, £/ — B’ is also a quotient for E’: then, by definition of mdq, we have
that ¢(B) < ¢(B’). But we supposed that ¢(B) < ¢(B’), then ¢(B) = ¢(B’).
So, E — B is a mdq. We can now replace E by E’ and repeat the argument:
if F' is semistable, the proof ends, otherwise there is another short exact
sequence like the one we built up for E. Iterating, we find a chain of quotients
with descending phases: this process must end by condition 2), then after a
finite number of steps we will find a semistable object B:

E—F .. —E™_.pB

which will be a mdq for E(™). But, for what we proved above, a mdq for E(")
is also a mdq for E("~1 and therefore, iterating, a mdq for E.

STEP 2 We will now build explicitely the H-N filtration. Let E be a nonzero
object. If F is semistable, the H-N filtration of F is 0 C E. Else, because
of Step 1, E possesses a mdq E — B with ¢(B) < ¢(F). We complete the
quotient map to a short exact sequence:

2t is obvious that ¢(E) > ¢(E’): within the Grothendieck group K (/) any short exact sequence
splits, so [E] = [A] 4+ [E’]. Moreover, Z is an additive group homomorphism, so we will have
Z(E) = Z(A) + Z(E'): this means that the phase of E ranges between the phases of A and E’
respectively.
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0—F —F—B—0

with phases ¢(E') > ¢(F) > ¢(B). Now, let us suppose that £/ — B’ is
a mdq. We can complete this quotient map, too, to a short exact sequence
0 — K — E' — B’ — 0; therefore we have a diagram:

00
0 K E' B’ 0
v
0 K E Q 0

v
B——5
0 0

where E — @ completes the inclusion map K — FE (K is a subobject of
E’ which is a subobject of E itself) to a short exact sequence. All the rows
and the first two columns are exact and, using some homological algebra, it
is easy to show that the third column is exact, as well. Now, £ — @ is
a quotient of E, so ¢(Q) > ¢(B) because E — B is a mdq, and it cannot
be ¢(Q) = ¢(B) because this would mean that £ — @ factors via B, i.e.
FE — B — . But the diagram tells us that £ — B factors via @, so we
would have Q = B and B’ = 0, which is absurd because we assumed B’ to
be a mdq for E’. Therefore ¢(Q) > ¢(B) and, by the exactness of the last
column, ¢(B’) > ¢(B). We have a chain of three subobjects:

KCE CE

with semistable quotients E' /K = B’ and E/FE’ = B such that ¢(B’) >
#(B). We can now replace E by E' and E' by K and iterate until we find
a semistable object, i.e. in the diagram above this happens when B’ = E’
and K = 0 (we are sure to find such a situation after a finite number of steps
because of condition 1) ). Therefore, we can rename objects simply setting
E'=FE, 1, K=E, 5, B=F,, B'=F,_1and so on. At the end, we will
have:

OCEycEhCc..CFE, 1CE,=F

with Ej /E;_1 = F; and ¢(F};) > ¢(Fj41) for all j. This is precisely the H-N
filtration of E.
O
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2.2 t-structures on triangulated categories

In the first section we have seen that the concept of stability function on an abelian
category arises in a quite natural way, and we would now like to weaken this
construction in order to make it adapt to an arbitrary triangulated category. A few
problems arise immediatly, though: we cannot give a straightforward definition of
semistable object, which strongly involves the ideas of subobject and quotient in
abelian categories. We need therefore to replace the partial ordering on objects,
given by inclusion, with something else. We will see that a key role in the machinery
which will allow us to solve this problem is played by t-structures, which we are now
going to introduce. Let us start with a definition:

Definition 2.2.1. Let Z be a triangulated category. A t-structure on Z is given
by a full additive subcategory .% C & which verifies the following conditions:

1. Z[1] C F (i.e., .Z is closed under positive shifts);
2. for each nonzero object E € 2 there exists a triangle F' — E — G where

FeZ,GeZFtand 71 :={Gc P |Homy(F,G)=0VF € Z}. (ie., the
category .# decomposes nonzero objects).

Let us give a basic example:

Example 2.2.2. Let 2 = 2(/) be the derived category of an abelian category.

There exists on Z a trivial t-structure, which is given by

F ={A*c 9() | H(A®) =0Vi>0},

i.e., . consists of the complexes whose cohomology is concentrated in negative
degree. The category .# is obviously closed under positive shift (recall that what we
actually do is moving backward the whole complex, so if the cohomology of A® is
zero from degree one on, then the cohomology of A®[1] will be zero from degree zero
on), and its orthogonal is given by:

FL={Ac 9() | H(A®) =0 Vi< 1},
i.e., the complexes whose cohomology is concentrated in strictly positive degree.
Definition 2.2.3. Let .% be a t-structure on 2. The heart? of .7 is the subcategory
H = FNFH]

Example 2.2.4. Consider the trivial t-structure on the derived category Z(<) of
an abelian category o/ (Example 2.2.2). Then, its heart is:

H=FNFL1] ={A* € 9() | H(A®) =0Vi > 0}n{A® € 2(/) | H(A®) =0 Vi

3The category S is defined as the intersection of two subcategories. Now, it is a very controversial
point to define what intersection means when we are dealing with classes instead of sets (we didn’t
assume our category to be essentially small), and it ought to be clarified. This one is an example of
how unstable and in fier: the formalization of the whole theory is.

<0} =
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={A*c ()| H(A®) =0Vi#0} = of

which gives us a canonical way to embed an abelian category in its derived category:
as the heart of the trivial t-structure.

Definition 2.2.5. A t-structure % on 2 is bounded if

2= ZlinF]
1,JEL

or, equivalently, if .Z is the closed-extension? category generated by {[j]};ez.

Example 2.2.6. Note that, in the case of Example 2.2.2., the trivial t-structure is
not bounded. In fact, this would be equivalent to ask any complex to have nonzero
cohomology just inside a bounded interval of integer values. As we already know, this
condition is not always satisfied. Nonetheless, if we consider the trivial t-structure
restricted to the bounded derived category, what we obtain is actually a bounded
t-structure.

Let us now prove a result which will show us a nice way to reproduce what we have
done for abelian categories.

Proposition 2.2.7. Let & be a triangulated category, and let 7€ be an additive full
subcategory. Then F€ is the heart of a bounded t-structure on 2 if and only if the
following conditions hold:

1. If we consider any two integers ky > ko € Z, then Homg(A1[k1], Aalks]) =0
for all Ay, Ay € I;

2. For each nonzero object E € Z there exist a finite sequence of decreasing
integers k1 > ... > ky, and a collection of distinct triangles:

0= EO E,._1

/ / S

where Aj € k| forallj=1,...,n

Before proving the proposition, we will need a few lemmas:
Lemma 1 If € C & is an extension-closed subcategory, then all its shifts are
extension-closed.

Proof. Consider the following DT:

A—E—B3,

with A, B € €[i|, E € . Then, using the fact that the shift functor and its inverse
are equivalences, we get that the triangle A[—i] — E[—i] — B[—i] L is distinct,
too. Now, A[—i] and B[—i| are in ¢, therefore E[—i] is in €, too, because ¢ is
extension-closed. But then E is in €[i]. O

4We say that a category € is the extension-closed category generated by a collection of categories
5 if | Jo; C € and € is closed with respect to distinct triangles, i.e. if whenever any two vertices
of a distinct triangle are in ¢, so is the third.
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Lemma 2 If € C Z is an extension-closed subcategory, then its orthogonal is
extension-closed, as well.

Proof. Take a DT:

A—FE—s B,

with A, B € €+, E € 2, and let X be a nonzero object in €. By property 2, there
is a long exact sequence:

... — Homg (X, A) — Homgy (X, E) — Homgy(X,B) — ... .

Now, Homg (X, A) = Homg(X, B) = 0 by orthogonality, therefore Homg (X, E) = 0,
too. By the arbitrary choice of X € €, we can conclude that E € €.
O

Proof. First suppose that 7 is the heart of a t-structure .# on Z.

1. The shift functor, its inverse and their powers are all equivalences; in particular,
they are fully faithful. Therefore, if A and B are in J¢:

Homo (A[k], Bks]) = Homo (Alky — k2 — 1], B[1)).

Now, ki > kg, so k1 — ko — 1 > 0: it means that A[k; — ko — 1] is in .Z[n] for
some n > 0. But .# is closed under shift, therefore A[k; — kg — 1] isin .%. On
the other hand, B is in J# = % N.Z*[1], so B[~1] is in (Z N.Z*[1])[-1] =
F[-1NnZF+ c F+. Therefore B is in .F+ and, by definition of t-structure,
Hom_@(A[kl - kg - 1], B[—l]) =0.

2. Consider a nonzero object £ € . We want to build up the HN filtration of E.
First of all, notice that the boundedness of . implies that E € .Z[i]N.#*[j] for
some i, j € Z, then take E[—i—1] € &. By definition of t-structure, there exists
aDT A— E[-i—1] — B L with A € #, B € Z+. By the fact that the
shift functor is an equivalence, we get that the triangle A[i+1] — E — B[i+
1] 5 is distinguished. Now, E € Z[i] by hypotesis, A[i+2] € Z[i+2] C .F[i,
the triangle £ — B[i + 1] — A[i 4 2] is distinguished by the first axiom,
therefore, using the fact that .# is extension-closed (and so are all its shift by
Lemma 1), we can conclude that B[i + 1] € Z[i]N.F*[i + 1] = #[i]. We have
so found a map E — B;, where B; := B[i + 1] € [i] and, renaming objects
in a suitable way, we have a DT:

E,1—FE,— A, .

We can now replace E,, with E,,_; and iterate. Eventually, we find a filtration:
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where A; € Ak;] for all j =1,...,n.
What we need to check is:

(a) that the filtration is actually bounded, i.e. that after a finite number of
steps we actually find zero;

(b) that k1 > ... > k.

Consider the DT we had at the beginning;:

A—FE— B *Y

(of course A" = A[i + 1], B’ := B[i + 1]) where we supposed E to be in
ZF[i] N .F+[j]. Notice that if F is nonzero the condition i < j — 1 must hold:
indeed, suppose that As € #[ks], s =1,...,n are the semistable quotients in
the HN filtration of E, then we know that:

Fli|={E€ P | ks>iVs=1,..,n}

FHj)={E€ P | ky<j—1¥s=1,..,n}

therefore, for E to be in .Z[i] N.Z*[j], it must be i < k, < j — 1. We want to
show that A’ € .Z[i'] N.ZF+[j'] with j/ < j, i > i. In fact, we had found that
B' € Z1[i+1] (so B[-1] € #1]i]), E € Z1[j], so recalling that i < j — 1,
ie. i <jwegetaDT, B[-1] — A’ — E % where both B'[—1] and A’
are in #+[j| by Lemma 3. Moreover, A" = A[i + 1], so A" € Z[i + 1], so
i" =i+ 1 > i. Therefore the quotient of A" is in JZ[¢'] with ¢’ > i, and after
a finite number of steps we find zero because at a certain point the object
completing the triangle will be in .Z[i(™] N.ZL[j(™] with i(® > () — 1.

For the converse, suppose there exists a full additive subcategory which verifies
conditions 1) and 2). Define .# as the extension closed subcategory generated
by {##j],7 € Z>0}. Moreover, the category .+ will be the extension closed
subcategory generated by {.#[j],j € Z<o}: in fact, the quotients in the HN
filtration of an object F' € % will all be in negative shifts of .77, while the
quotients in the HN filtration of an object G € .#+ will all be in positive
shifts of #’; therefore there can be no nonzero map between F' and G because
if it existed, it would exist a nonzero map from the quotients of F' to the
quotients of G, as well, and we know it can’t be by condition 1). This proves
that ECS(#j],j € Z<o) C .F*. For the reverse inclusion, consider an object
E ¢ ECS(5j|,j € Z<p). Then, if the HN filtration is as in condition 2),
k1 must be positive. This means that A; € .# and there is a nonzero map
between A; and E (the composition of the horizontal arrows). Therefore, E
cannot be in .Z 1. Let us now prove that ., as defined above, is a t-structure
on 7 (the boundedness comes straight from the definition). It is obvious that
Z is closed under positive shift: in fact if £ is in #[1], then E[—1] € .Z, so
it has a HN filtration whose semistable quotients are in positive shifts of the
heart . Let
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E, 1 — E[-1] — A, RN

be the last triangle of this filtration, with A,, € J#[k,], for some k,, > 0. Then,
by shifting, we get Ep_1[1] — E — A,[1] 5. Now, 4,[1] € #[k,+1] C .F,
because k,, + 1 is obviously positive. So, by the fact thet .# is extension-closed,
it suffices to prove that F,_;[1] € .Z to show that F is in .#, too. Consider
the last triangle but one:

En,Q — En,1 — Anfl —

where A,_1 € H[kn_1], kn—1 > 0. Again, by shifting we find that £, _o[1] —
E, 1[1] — A,_1[1] L so Ap_1[1] € H0kn—1] C .Z and it suffices to prove
that E,_s[1] € .# to show that E,_1[1], and therefore E, as well, are in .Z#.
Going backwards this way we reach the first triangle:

E1§A1—>E2—>A2+—1>,

where Ay € H[k1], Ag € H ko] with ki, ko > 0 By shifting, we get A;[1] —
Ey[l] — Ag[1] &5, But Ay[1] € ks + 1] and Ay € ks + 1] are
both in %, so Es[l] is in .%, as well. But then, considering the triangle
Ex[1] — E3[1] — As[1] L we get that E3[1] is in .# and, proceeding this
way, F is in .%, too. Therefore .# is closed under shift. Moreover, to build
up the DT F — F — G L for some E € 9,F € F,G € F* it suffices
to look at the HN filtration of E: if the quotients are all in positive shifts of
J€, then Fis in % and the DT EF — F — 0 s as above; if instead
the quotient of E are all in negative shifts of 7, then E is in .# ' and the
DT 0 — E — E % meets the requirements we need; if finally some of the
quotients are in negative shifts while the others are in positive shifts of 52, there
is a little bit of work to do. Suppose k; > 0, k;+1 < 0. This means that E; € .#.
Consider the map E; — E. We want to show that its cone, which we call
F’,is in .Z 1. Now, consider the composition E; — F;41 — Ej;4o. The cone
of B; — By is Aj11 € H[kiy1] C .F+ because we supposed ki1 < 0, and
the same holds for the cone of E;1 — Fji9, which is A; o € H[kit2] € FL.
Therefore, the octahedron axiom shows us that:
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%’
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z+2
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E; Aijo € 7+
R

therefore, by the fact that .# ' is extension-closed, the cone C of the map
Eiy1 — Eiyoisin & +. Repeat the argument with the composition F; —
E;19 — E;y3. Again, the cone of E; — Ej o is in .Z+ because of what we
have just shown, and the cone of F; 9 — E;;3, which is 4,13 € H[ki;3] is
in .Z1, too. Therefore, the cone of E; —» FEi 43 is the central vertex of a DT
whose extremal vertices are both in .Z -+, so it is in .# 1, too. We can iterate
until we find:

Eiq

E,—FE,_1 — F.

The cone of E; — E,_1 is in .F+ by induction, the cone of £, 1 — E is in
F 1, too, because it is A, € J#[k,], therefore by the octahedron axiom again
the cone of E; — E, which we called E’, is in .Z*, as well.”

O]

Notice that this result shows a sort of triangulated version of what happened in
abelian categories: if we think of the objects in the categories .7[j] as the old
semistable objects, with new phases given by the j’s, we just get that there are no
nonzero morphisms between two semistable objects if the first one has a bigger phase,
and that any nonzero object possesses a Harder-Narasimhan filtration. However,
there is an important difference: here, the phases are indexed by integers, while in
abelian categories they were indexed by reals. Therefore, we need to “slice” further
our category. The tool which will allow us to do this is called, for obvious reasons,
slicing.

Definition 2.2.8. Let & be a triangulated category. A slicing on Z is a collection
of full additive subcategories Z(¢), ¢ € R, such that the following conditions hold:

5Thanks to Donatella Iacono for helping me with this proof.
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a) Z(¢+1)=2(¢)[1];
b) if Ae Z(¢p), B P(¢), for some ¢,1 € R, and ¢ > 1, then Hom(A, B) = 0;

c) for each nonzero object E € & there exist a finite sequence of decreasing reals
¢1 > ... > ¢, and a collection of distinguished triangles

O—EO E,,————F,=F

/ / 7

Ay

where A; € Z(¢;) Vi=1,...,n
Lemma 2.2.9. The Harder-Narasimhan filtration in ¢) is unique.

Proof. Fix a nonzero object ' € 9. Suppose there are two such filtrations:

Ay
0=FE Ey E, - E,=F
0=F, Fy F,,_ Fr_ 1 —F,
5

with A; € y(gbl) , ¢; > ...> ¢, and B; € 32(1%) s Y > > Uy,

STEP 1 Consider the minimum k for which the composition E, — E,, — B,, is
zero (notice that the composition E,_; — E,, = F,,, — By, is zero for the
first property of distinguished triangles. ). We have that the following holds:

Ey

N

mel > Fm Bm
\9/

i.e., the map from Ej to F,, lifts to F},,_1. Therefore, we have a commutative
diagram:

+1

E,——Fr1 Akt

L

Fm—l Fm Bm i
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The arrow Fy41 — Fy, is nonzero, because we supposed k to be minimum,
therefore the map Ap,1 — By, is nonzero, as well. By the second condition
in the definition of a slicing, we get that if A1 € P(dgr1, Bm € L (Vm),
then ¢, < ... < dp11 < Y¥m. We can now repeat the argument by switching the
two filtration in order to find ¥, < ... <41 < ¢y,. Thus, the only possibility
isthat k+1=m=mn,ie. m=n, k=n—1and ¢, = V.

STEP 2 Consider the following diagram:

mel Fm Bm

(which is simply the diagram above, where k = n — 1 and we obtain the
parallel arrows by switching the two lines). Now, iog = h, ho f = i, therefore
ho fog = h and symmetrically iogo f = ¢. This implies that io(go f—1Id) =0
and ho(fog—1d)=0. Set p:=go f—1Id : E,_1 — E,_1, and consider
the following:

Enfl
N
P
Y2 )
An[-1 E, . ——=E,

we get that there is a map E, LN An[—1]. But E,_; € Z(> ¢,) and
Ap[-1] € P (¢, — 1), therefore h = 0. But then p = 0 and go f = Id. We can
do the same with ho(go f — Id), and we will get F,,_1 = F,;,_1. The assertion
then follows by simply iterating.

O
Definition 2.2.10. Let E be a nonzero object of . Then, if the H-N filtration of
Eis
0= FEy F; FEs E,_1 E,=F
4 A A,
we can define the mazimal and the minimal phase of E, i.e.:
OH(E) = ¢1

respectively. We will often write ¢ (FE) omitting the slicing when there is no
confusion.
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Notice that maximum and minimum phase of a nonzero object are well defined
because of the uniqueness of the Harder-Narasimhan filtration, and that ¢, (£) <
¢1,(E) (the equality holds if and only if E is in 2(¢), where ¢ = ¢1,(E) = ¢,(E)).

Definition 2.2.11. We define the categories &(I), where I is an interval whose
length is less or equal than 1, as the extension closed category generated by
{Z(¢)}pcr- In particular, we have:

P((a,0) ={0€ Z}U{E € D st.a<dp,(E)< ¢
Lemma 2.2.12. If E,F € 2 are nonzero and E € P(> ¢)
¢ > 1, then Hom(A, B) = 0.

Proof. Call B;, ¢ =1, ...,m the semistable factors in the HN filtration of F', v; their
phases and consider the integer n =length of the H-N filtration of E, which is finite
and well defined. We make induction on n:

H(E) <b}
JF € P(< 1) where

n=1. If n=1, then ¢7(F) = ¢~ (E) = ¢(E) and E € Z(¢(F)). Suppose there is
a map F — F. Then, by composition, there is also a map £ — F — B,,
(the last semistable factor). But By, is in & (¢y,), and ¢, < 1 < ¢ < ¢(E),
therefore, by definition of slicing, this composition must be zero. We thus have
the following diagram:

,E
™
.
F1 F B,

which shows that the map F — F lifts to F,,,_1. Now, if the map £ — F,,,_1
is zero, the proof is finished, because it means that the map £ — F' is zero,
as well. if it is not zero, on the other hand, we can iterate the argument in

this way:
E
IR
a +1
Fm_2 —— Fm—l Bm—l

and find a map £ — F,,_o. If this map is zero, the proof is finished, for
would mean that the map £ — F},,_1 and therefore the map £ — F were
both zero. If it is not zero, we iterate again. At the end, we will find such a
diagram:

E

B, £ B,

Now, Bj is in & (1), where ¢; < ¢ < ¢(E). Therefore the map E — By is
zero. But it means that £ — F5 is zero, too and, going backwards, also the
map £ — F.



28 2. Stability on triangulated and abelian categories

n > 1. Suppose there exists f: F — F"

OZEO E1 E2 En,1 %En =F

Ay A An

where g is simply the composition F,_1 — E and F i) F'. By induction,
g = 0.Therefore there is a commutative diagram:

Enfl E An =

l ! h
Y

0 Fl.op

But A, € #(¢n), and ¢, = ¢ (A) > ¢ > 9, therefore h = 0 and f = 0 by

commutativity.
O

Lemma 2.2.13. Let & be a slicing on 9 and let I be an interval with lengh ¢(I) < 1.
Suppose there exists a DT

A—FE— B,

with A, E,B € #(I). Then:

1. ¢7(A) < ¢*(E) ;
2. ¢~ (E) < ¢~ (B)

Proof. Suppose I = [t,t + 1] for some t € R® and set ¢ = ¢(A). By definition of
slicing, there exist an object AT € Z(¢) and a nonzero map AT — A (simply
look at the H-N filtration of A: A* := A;, and the map is the composition of
the horizontal arrows). If we suppose that ¢ > ¢ (E), then there are no nonzero
morphisms from AT — E, therefore the following diagram commutes for some map
AT — B[-1]:

5Notice that we never use the actual length of the interval, so it is not restrictive to suppose it
to be exactly one.
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i.e., f factors via B[—1]. But, by assumption, B[—1] is in &?(< t), so it must be
¢ < t, because otherwise the map AT — B[—1] would be zero. But we have
supposed E to be in I, so ¢*(E) > t and ¢ > ¢T(E), which is a contradiction.
Therefore, ¢ = ¢T(A) < ¢T(E). The second equality follows by a similar argument

(just consider the minimum phase of B, and argue as above reverting all the arrows).
O

Remark 2.2.14. The subcategories Z(> ¢) and & (> ¢) are closed under left shift
(recall that Z2(¢p+ 1) = P (¢)[1] by definition of slicing), and it is very easy to verify
that they decompose objects: indeed, fix ¢ € R and consider a nonzero E € 2. If
¢~ (F) < ¢T(E) < ¢, then the triangle 0 — E — F L is distinct by the first
axiom and, of course, F € Z(< ¢) and 0 € Z(< ¢)* = P(> ¢). Similarly, if
on the other hand, ¢ < ¢ (E) < ¢ (E), then the triangle E — E — 0 s
distinguished by the first axiom, too, and as above E € (> ¢) while 0 € £ (>
)t = P(< ¢). If, on the other hand, we have ¢~ (E) < ¢ < ¢+ (E), then the
proof is identical to the one for Proposition 2.1.4 (the part we apply octahedron
repeatedly). Indeed, if E ¢ Z(> ¢), E ¢ P(< ¢), then in the HN filtration of E
some of the phases of the semistable quotients are greater than ¢, the others are
lesser or equal than ¢. Consider the maximum index 4 such that the semistable
quotient A; € Z(¢;) and ¢; > ¢, and complete to a DT the map E; — E. The
fact that its cone is in (< ¢) follows exactly as in Proposition 2.1.4 . Therefore,
the pair (Z(> ¢), Z(< ¢)) defines a t-structure for each ¢ € R (obviously, the
same holds for the pair (Z(> ¢), Z(< ¢))). The hearts of these t-structures are
respectively:

Hog=P(> )N P(>9) 1] = P(>9)NP(<h+1) = P((d, ¢+ 1)) ;

Heg=P(29)NP(2¢) 1] = P(20)N P(<d+1) = P(l$,6+1)) .
and, conventionally, the heart of the slicing & is the category Z((0, 1])

As we already know, the heart of a t-structure on a triangulated category is always
abelian. Therefore, for every ¢ € R, the categories Z([p, ¢ + 1)) and Z((¢, ¢ + 1))
are abelian subcategories. We now wonder if this holds for the subcategories (1),
too, where [ is an arbitrary interval. The answer is that these subcategories are in
general not abelian, but if (1) < I they are quasi-abelian. Recall first that if <7 is
an additive category and f € Hom, (A, B), A, B € &/ is a morphism, then f is
said to be strict if Imf =2 Coimf. In an abelian category every morphism is clearly
strict. We are now ready to give the definition of quasi-abelian category.

Definition 2.2.15. Let & be an additive category. Then A is quasi-abelian if

1. for any morphism f € Mor(%7) we have that Kerf, Cokerf € Ob(%/);

2. the class of strict epimorphism is closed under pullback and the class of strict
monomorphism is closed under pushout.

Notice that the existence of pullbacks and pushouts follows from the existence of
kernels and cokernels. Indeed, the first condition and the fact that ./ is additive
guarantee the esistence of equalizers and coequalizers: we recall that, given A, B
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in o/ and f,g € Hom, (A, B), the equalizer Eq(f, g) of f and g is a couple (E, eq)
where E € Ob(«) and eq € Hom (E, A) such that for any couple (O, m) with
O € Ob(«), m € Hom (O, A) and f om = gom, the morphism m factors through
eq, i.e. there exists m’ € Hom, (O, E) s.t. eqom’ =m (to obtain the definition of
coequalizer simply revert all the arrows). It is very easy to show that, if o is additive
and the kernels and cokernels of f and g are in o7, then Eq(f, g) = Ker(f —g). Now,
given X,Y, Z € &/, a couple of morphisms f, g:

X

f

and the projections px, py from the product X x Y on the two factors, there is a
diagram which is not commutative:

XxY——=X

T

Y Z .
g

It is quite a standard exercise to show that pullback of X and Y over Z is simply
the triple, given by an object and two projection respectively on X and Y, which
makes the diagram commute, i.e. X xzY =Eq(fopx,gopy).

2.3 Stability conditions on triangulated categories

We are now ready to give the key definition.

Definition 2.3.1. Let Z be a triangulated category. A stability condition on &
consists of a couple (Z, #) = o, where:

1. Z is a group homomorphism Z : K(2) — C 7
2. & is a slicing on ¥

such that any nonzero object in Z(¢) for some ¢ € R is sent by Z to a point whose
phase is exactly ¢, i.e. Z(E) =m(E)e!™ for some m(E) € Rxg.

The group homomorphism Z is called central charge of the stability condition, and
any nonzero E € P(¢) for some ¢ € R is said to be semistable of phase ¢ (the
stable object are just the simple ones).

Lemma 2.3.2. If 0 = (Z, Z) is a stability condition on a triangulated category 2,
then the subcategories P (p) C 2 are abelian for each ¢ € R.

"The definition of Grothendieck group for triangulated categories is very similar to the one for
abelian categories: the difference is just that we ask DTs instead of short exact sequences to split.
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Proof. The subcategory Z(¢) is full in 2, so in particular it is full in 7 :=
Hop—1 = P((¢ — 1,¢]), which we know to be abelian. It then suffices to show
that if £, F € 2(¢) and f € Hom g4 (E, F) = Hom»(E, F') is a morphism, then
Kerf and Cokerf, which we know to be in .7, are actually in &(¢). Take a
short exact sequence 0 — A — E — B — 0 in : Lemma 2.2.13 tells us
that ¢T(A) < ¢T(E) = ¢ and ¢ = ¢~ (E) < ¢ (B). But then ¢~ (B) must be
exactly ¢, because the phases of nonzero object of J# are upperly bounded by ¢,
so ¢~ (B) = ¢1T(B) = ¢ and B € Z2(¢). But then ¢ (A) = ¢~ (A) = ¢, because
the short exact sequences in the Grothendieck group split and Z is additive, so
Z(E) = Z(A) + Z(B). In particular, if f € Hom g4 (E, F), with E,F € 2(¢),
there are two short exact sequences which are associated to f:

0 — Kerf — E — Coimf — 0

0 — Imf — F — Cokerf — 0,

therefore Kerf, Cokerf,Imf, Coimf are in &?(¢). Moreover, Imf =54 Coimf
because they are isomorphic in 4, which is abelian, and Z(¢) C 4 is full. Then
P(¢) is abelian, too. O

Definition 2.3.3. The mass of F is:
me(E) =Y |Z(A:)|

where the A;’s are the semistable quotient in the H-N filtration of E. By the
triangular inequality we get:

mo(B) =3 1Z(A)] = = [Z(E)|.

ZZ(Ai)

Notation 2.3.4. Let 0 = (Z, &) be a stability condition on 2. We will sometimes
write ¢F (E) for gbj;}(E)

Proposition 2.3.5. To give a stability condition on a triangulated category & is
equivalent to giving a bounded t-structure on & and a stability function on its heart
with the Harder-Narasimhan property.

Proof. First suppose 0 = (Z, ) is a stability condition on . Then we already
know that the category &?(> 0) defines a bounded t-structure on &, and that its
heart 22((0, 1]) verifies the Harder-Narasimhan condition (remember Proposition
2.1.6: the boundedness conditions on phases make &2((0, 1]) verify the hypotesis).
Conversely, let 7 be the heart of a bounded t-structure on &, and let Z be a
stability function on ¢ with the H-N property. First notice that K(2) = K(.¢):
indeed, any class [E] € K(Z) can be written as the sum [E] = >"[A;], where the A;’s
are the semistable quotient in the H-N filtration of E. The uniqueness of this sum
is given by the uniqueness of the H-N filtration. Therefore, the stability condition
Z : K() — C automatically defines the central charge Z : K(Z) — C of a
stability condition on Z. The Z-semistable object define the slicing &2: just set

P(P)o<p<1 := {Z — semistable objects of phase ¢}.
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Roughly speaking, we are choosing & so that s = 22((0,1]). Let us check it is
actually a slicing.

a) Weset Z(¢p+ 1) := Z(¢)[1] to extend the definition of Z(¢) to any ¢ € R, so
the first condition is automatically satisfied.

b) Take A, B in Z(¢), P () respectively. We need to distinguish between two
cases:

1. ¢, are both in (n,n + 1] for some n € Z. Then A, B are in J#[n], and
we have:

Hom y/(,,) (A, B) = Homg (A, B) = Homg (A[—n], B[—n]) = Hom - (A[-n], B[-n]) = 0

where the first and the third isomorphism hold because the subcategory
¢ and is full, the second because the shift and its inverse are autoequiv-
alences, and in particular fully faithful, while Hom - (A[—n], B[-n]) =0
because of the properties of stability functions on abelian categories.
Indeed, now A[—n] and B[—n] are “old style” semistable object (i.e.,
with respect to a stability function on an abelian category), so just con-
sider that the phase of A[—n| is greater than the phase of B[—n] (if
¢ > 1 € (n,n + 1], then obviously ¢ —n > ¢ —n € (0,1]) and apply
Proposition 2.1.4.

2. ¢ € (ny,n+1], v € (mym+ 1] for some n > m. Then just apply
Proposition 2.2.7: 47 is the heart of a bounded t-structure on &, A €
H[n], B € #[m] with n > m, therefore condition 1) says exactly that
Homg (A, B) = 0.

c) We want to find the HN filtration of a nonzero E € &. In order to do this, we are
going to combine the filtration we have inherited from Proposition 2.1.4 with the
HN filtration we have on ¢ as an abelian category. Let A;,7 =1,...,n be the
factors of the Harder-Narasimhan filtration, i.e. A; € 4, ki > ko > ... > ky.
Each A;, opportunely shifted, has a HN filtration, in the sense of abelian
categories, due to the stability function we have on J#. Let 0 C A;; C ... C
Aimi = Ai[*k‘ui], where Aij/Ai,jfl = Bij € L@(qb”),gf)” S (0, 1], be that
filtration. Thus we have

0— All[kl] —_— ... — Alml[kl] = Al = El.

If we set F; := Ay;lk1], i = 1,...,m; we find the first m; factors of the HN
filtration. Its semistable factors are B;jlk1] € & (¢ij + k1). Now we need to go
on. By intuition, we would like to have something like the following:

E1 —7 — Bgl[kg] +—1>

i.e., an element whose quotient by E1 is exactly the first semistable quotient of
the Harder-Narasimhan filtration of As[—ks], opportunely shifted. By intuition
again, it can be built as the cone of a map Bajlke — 1] — E; (notice that
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Ba1 = Agy). The first question which arises is: does such a map exist? It does:
indeed, consider the composition:

Agi[ke] — Aglko] — E[1],

where the first map is just the shifted inclusion Agy; C Agg C ... C Aoy, = A,
while the second one is the shift map in the second triangle of the HN filtration
of ' we had by Proposition 2.1.4:

E1 — E2 — A2 +—1> El[l}

We have thus obtained a map Agj[ke] — E[1] and, therefore, a map Agj[ke —
1] — E. Calling F,,,, 11 the cone of this map we find the m; +1-factor. Now we
can iterate: define F,,,;; as the cone of the map Ag;[ks — 1] — E4, which, as
above, is the composition of the shifted inclusion Ag; C Ag;41 C ... C Az and
the shift map A, — E[l]. Now, a deus ex machina is necessary to show us that
everything works: we apply the octahedron axiom to the map A ke — 1] —
Eq, which is itself the composition Ag [k — 1] Ly Ao [ko — 1] 2y F;. Look
what happens:

BQQ[kQ — 1]
C(il)
/
Agalky — 1] Fini41
C(igoil)
72
i1 o)
[ ct
Ao ke — 1] Fr42

the triangle Boolks — 1| — Fipy41 — Fin,y R exact, so we get that the
cone of the map F,, 11 — F, 4o is exactly Baa[ka] € &2 (¢ + k2)! The same
argument applied to the map Ag;[ks — 1] — Ej, considered as the composition
Agilke — 1] — Agit1[ke — 1] — E1, shows us that the quotient are exactly
the Bo;[ks — 1]’s. An iteration on the A;’s, j = 3,...,n, builds up the HN
filtration we are looking for, completing thus the proof.

O]
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Remark 2.3.6. Notice that what the Proposition states implies that a stability
condition can be give either as the pair (Z, &) of Definition 2.3.1, or as a pair
(Z, o), where Z is the usual group homomorphism and . is the heart of a bounded
t-structure on the category 2, and the objects belonging to o7 are sent by Z to the
upper-half plane H. This will be particularly useful in the following chapters, when
we will build stability conditions on the derived category of a K3 surface.

Let us give an example of how this proposition can be applied.

Example 2.3.7. Let X be a projective nonsingular curve over an algebraically
closed field k, with chark = 0. We already know there is a “classical” stability
function on &/ = Coh(X)?, i.e., for each nonzero .# € &, we set:

Z(F) = —deg(.F) + irank(.Z) .

By applying the proposition, we get a stability condition on 2°(.27), where o7 is the
heart of the trivial t-structure.

2.4 The space of stability conditions

Let 2 be a triangulated category.

Definition 2.4.1. A slicing & on a triangulated category & is said to be locally
finite if there exists n € R such that for each t € R the quasi-abelian category
P((t—n,t+n)) C Z is of finite length?. A stability condition o = (Z, &) is locally
finite if the slicing & is.

Definition 2.4.2. We define the following sets:

Slice(2) = {locally finite slicings on 2},
Stab(Z) = {locally finite stability conditions on Z}.

We will later notice that almost everything we do works well even without the locally
finiteness, but it is useful to avoid pathological cases. What we want to do is to give
the set Stab(Z) the structure of a topplogical space. First of all, we will need to
consider the inclusion:

Stab(2) € Homz(K(2),C) x Slice(2).
Put a generalized metric on the set Slice(Z) by setting
d(2,2) = sup {|¢,(E) — ¢o(E)l,1¢5(E) — ¢5(E)|} C [0,+0o0] .
0£FE€9
Let us check it is actually a generalized metric:
L d(P2,.2) =0 = |p,(E)—¢u(E)| = |¢5,(E) — ¢5(E)| = 0 for all nonzero

E€ 9 = ¢,(E)=0¢y(E), ¢,(E)=¢5H(E) for all nonzero E € I =
P = 2. The converse is obvious.

8We will later treat this example more accurately.
9We recall that a category is of finite length if every object is both artinian and noetherian.
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2. It is obviously symmetrical, because the absolute value in R is.

A2, 2) = sup {|$5(E) - ¢5(E)l105(E) - 5(E)|} =

0£E€9

- gjgg@{‘d);l(m — ¢(E) + ¢(E) — ¢5(E)|, |65,(E) — ¢4(E) + ¢ (E) —
oL(E)[} <
< 0252@“¢2}<E> — 0 (B)| + |65(B) — 65(E)]. |65 (E) — ¢5(B)| + |¢5(E) -
oL(B)[} <
< sup {!¢&(E)—¢§(E)I, 65(E)=05(E)[} + sup {|¢,(E)—¢5(E)|,[65(E)-

7 0£E€?

$o(E )l} =

=d(P, %)+ d%,2).
It will sometimes be useful to write this metric in a different way:

Lemma 2.4.3. If &, 2 are in Slice(Z), then

d(P,2) :=inf{e € Rog | 2(6) C P([¢p—e,¢+¢]) Vo € R} = d(2, 2) .

Proof. First consider that if d(2, 2) < ¢, then|¢, — (E) — ¢ 5(E)| < ¢, |95, — (E) —
¢5(E)| < e; therefore if 0 # E € 2(¢), then ¢ —¢ < ¢,(E) < ¢1,(E) < ¢+e. This
means that 2(¢) C P([¢p—e, ¢ +¢]). For the converse, suppose d'(Z, 2) < e. Take
anonzero £ € 9. If E € 2(< ¢), then clearly F € Z(< ¢ +¢). If E ¢ 2(< ),
then there is a nonzero object A € 2(¢), with ¢ > 1, and a nonzero map A — FE.
Since A € P([¢p—e, ¢+¢]), then E can’t be in (< ¢p—¢). Therefore |¢f, — ¢l <e.
A symmetrical argument shows that d(Z, 2) < e.

O

Now consider the complex vector space Homyz (K (Z),C). We can associate a gener-
alized to each o0 = (Z, &) € Stab(2):

o - Homgz(K(2),C) [0, +00]

U(E)
JzE)

U Ulls = sup
E o—s
Let us check it is actually a generalized norm:

1. Obviously ||U||s > 0 for each U € Homz(K(Z),C) (the module function is
always positive), while if ||U||, = 0, then for each semistable E the module
|U(E)| = 0; therefore, U = 0 itself, because the Grothendieck group is
generated by the class of semistable objects;

2 InUlls = suwp Szt = sup S5sd = nlllU]lo:
E o—ss E o—
0Vl = s S < s WO - aup (it <
|4
< sw i+ sw g = Ul + 1Vl

Eo
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We are now ready to put a topology on the set Stab(Z), using both the generalized
metric and the generalized norm we have put on Slice(@) and Homy (K (2),C)
respectively. For each o € Stab(Z2) and for each ¢ € (0, ) we define the open ball
of center o and radius ¢ in the following way:

B.(0) = {1 = (W, 2) € Stab(2) | ||W — Z||, < sin(ne) , d(P,2) < e} C Stab(2).

Remark 2.4.4. Notice that the condition ||W — Z||, < sin(me) simply means that,
if F is semistable with respect to o, then the distance between the phases of Z(FE)
and W (FE) must be lesser than e.

Lemma 2.4.5. If 7 = (W, 2) € B(0), then there exist k1,k1 € Rsq such that

kUl < [[U]lr < k2l|U]]o -

Proof. For each o € Stab(2), n € [0, 3), the following holds for each nonzero E € 9
and U € Homgz(K(2),C):

] 11l
6 — 671 <n U(E) < o2 ()]

Indeed, we can write Z(E) as the sum of the Z(A;)’s, where the A;’s are the
semistable quotients in the HN filtration of E. Therefore:

= ZZ(Ai) = E)| = Z |Z(A;)| cos(m;)

where ¢; is the angle between Z(FE) and Z(A;). But we have that |¢} (E)— ¢, (E)| <
7, so it follows that for each i, ¢; < n and cos(mw¢;) > cos(mn). Therefore:

E)| _Z|Z | cos(may;) >Z]Z )| cos(mn) = >Z’Z

COS

Moreover, for each A;, we have that ||U||, > ‘g( vy )|‘ (it is the sup over the class of o-

semistable objects, and the A; are semistable). It follows that |U(A;)| < ||U||»|Z(A4:)|,

cos(mn)”?

s0 LIU (A < [[U]]o212(As)]. But [U(E)] < L|U(A:)] and 3JU(A)] < [|U 1, 22

therefore |U(F)| < VL, |Z( )|. Now, if 7 = (W, 2) € B.(c), we can apply this

cos(mn)

inequality to U = W — Z and n = 2¢, obtaining

W — Z||» - sin(7e)

EY—-Z(E)| < Z(F
W(E) (E)l < cos(2me) cos(27r5)| (E)
for each F € 9 7-semistable. This means that:
sin(me)
E) - 1Z(E)| < E)—-Z(E — 2 \Z(F
W(E)| - 12(B)] < IW(E) - Z(B)] < 551 2(8) =
sin(me)
FE 1+ ——)Z(F FE Z(F
= W(E) < (L+ SE2(E) = W) < kZ(E)
where k := 1+ sin(re) Therefore:

cos(2me)
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1 >1 1
W(E)| ~ k|Z(E)]
\UE)| _1|UE)] 1
W@ kzm)| el
Moreover:
U]~ .
V() < oo W E)
\uE)| _ U]l-
(W(E)| ~ cos(mn)
and finally:

1Ulle_ IUE) _ 1]
cos(mn) ~ [W(E)| = k[Z(E)|

which means that

cos(7n)

k

Ull- > WUlle = kallUlls <[IU]l-

where kq := w The other inequalty follow with the same argument, and simply

switching Z and W.
O

We are now ready to prove that the open balls B.(c), with ¢ varying in Stab(2)
and € in (0, ), form a basis for a topology on Stab(Z). We need to show that:

1. UB.(c) = Stab(2).

£,0
2. If 7 € B.(0), then there exists > 0 such that B,(7) C Be(o).
The first statement is obvious (just think that each o € Stab(Z) is the center of

an open ball). The second one follows from the lemma above. Indeed, consider
T=(W,2) € B(0).

1. It holds that d(Z?, 2) < e. We want to show that there exists r > 0 such that
d(2,%) <r = d(P,X#) < e. Take 2r = min{d(Z, 2),e — d(Z,2)}. By
triangle inequality, we get that d(2?, %) < d(Z, 2) + d(2,Z%).

d(2,2) € [0,5]. Then:

2T:d(¢@’ Q) = r= d(%’£)7
9 9
<7 _——= -
AP R)< S +5=7e<e
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d(2,2) € (5,¢). Then:

e—d(£,2)
2 )
—d(£,2) d2,2 2
PR <dp,9)+ U2 AP 2 te 2
2 2 2
2. |[|[W — Z||, < sinme. We want to show that there exists s > 0 such that
if ||[W — X]||; <sinws = ||Z — X||, < sinme, with X € Homz(K(2),C).
Again by triangle inequality, we get that ||Z — X||, < |[[W — Z|| + ||V — X||o-
Therefore, using the Lemma, if k is a suitable constant:

r=e—d(£,2) = r=

E.

172 = Xllo <[IW = Zllo + [[W = Xlls < [[W = Z||o + E[[W = X]|; <

< sinme + ksinws.

Now, we want sin me+k sin s < sin e, therefore it must be sin s < 0 (remind
that all the constants in the Lemma are positive). Does such an s exist? Of
course it does: for example, taking s € (1,2) will work.

We put on Stab(Z) the topology whose base are the open balls defined above. By
the Lemma, the subspace

{U € Homz(K(2),C) | ||U]|s < +00} C Homz(K(2),C)

is locally constant on Stab(2), i.e. if ||U||s < 400, then for each ¢ € (0, %) and
T € B.(0) we have that ||U||, < 400, so this holds for each 7 in the same connected
component of o. Let ¥ be a connected component of Stab(Z2) and set:

V() :={U € Homz(K(2),C) | ||U||s < +o0, 0 € X}.
Remark 2.4.6. If o = (Z, ) is in ¥, then Z € V(3): obviously

Z(FE
12lls = sup ZEN_4

E o—ss |Z (E )‘
Remark 2.4.7. The Lemma says exactly that all these norms are equivalent, i.e.,
they induce the same topology.

We are now ready to state the key theorem:
Theorem 2.4.8. The map
Z: N — V()
(Z,2)— Z
where both X and V (X) have the subspace topology, is a local homeomorphism.

The local injectivity follows from the proposition below:

Proposition 2.4.9. Suppose 0 = (Z, ), T = (Z,2) € Stab(2). If d(Z,2) < 1,

then o = 7.
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Proof. Suppose by contradiction that o # 7, i.e., considering that the central charge
is the same, that & # 2. It means that there exists ¢ € R and F € Z(¢) such that
E ¢ 2(¢). It cannot be E € 2(> ¢) because the fact that d(2?, 2) < 1 would imply
that E € 2([¢,¢ + 1)), contradicting the fact that o and 7 have the same central
charge: indeed, Z(E) = W (FE) would mean in particular that ¢z(E) = n¢w (E) for
some n € Z. For the same reason, it cannot be E € 2(< ¢). Therefore, there exists
a DT

A—FE— B,

with both A and B nonzero, A € 2((¢,¢+ 1)), B € 2((¢ — 1,¢]). It cannot be
A€ P(< ¢), because it would be A € Z((¢ — 1, ¢]), contradicting the fact that the
two stability conditions have the same central charge, as above. So there exists an
object C € L (1)), with 1) > ¢, and a nonzero map C — A. Consider the following
diagram:

c
Bl-1] A E

the composition C —> A — B must be zero, because ¢ > ¢, then the map C — A
lifts to B[—1]. But B[—1] € Z(< ¢ — 1), therefore this is a contradiction. O

The local surjectivity follows from the theorem below:

Theorem 2.4.10. Let 0 = (Z, ) € Stab(Z2). Then there exists e > 0 such that
if 0 < e<e€ and W € Homy(K(2),C) satisfies

\W(E) — Z(E)| < sinre| Z(E)|

for each E semistable with respect to o, then there exists a slicing 2 € Slice(2) such
that T = (W, 2) is a stability condition and d(Z,2) < e.

Roughly speaking, the theorem says that if we consider a stability condition, a slight
deformation of its central charge and a suitable choice of a slicing lead to a new
stability condition. This means that the map in the key theorem is locally surjective.
The proof of this theorem is quite long and technical, so we will just give a sketch
and skip the details.

Proof. (sketch). What we do is simply define a slicing which we imagine to make
everything work. Take ¢ € R and set:

2) :={0€ 2}U{E € 2 | EW —semistable of phasey in Z((a,b)) with a+e < ¢ < b—e for somee > 0}.

We need to show that 2 is actually a slicing and that (W, 2) is a stability condition.
The fact that 2 is a slicing follows from the two lemmas below:

Lemma 2.4.11. If E € 2(¢1), F € 2(1p2) and 1 > 12, then Homg(E, F) =0

(the strategy of the proof is quite similar to the one used for Proposition 2.1.4,
reminding that the category we are dealing with is not abelian, but quasi-abelian).
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Lemma 2.4.12. Let o/ = Z((a,b)) C Z a finite length subcategory such that
0 <b—a<1—2e. Then each nonzero object of Z((a+ 2e,b— 4¢)) possesses a HN
filtration, whose W -semistable factors are objects of <, and moreover a + ¢ < ¢; <
b — e, where ¢; is the phase of the i-th semistable factor.

(this is similar to what we proved for Proposition 2.1.6, but with much more technical
details to fix).

The fact that 7 = (W, 2) simply follows from the definition of 2.

2.5 The natural actions

In this section we will show that, for each triangulated category &, there are two
natural actions on the space of stability conditions Stab(2). These two actions will
be very important because they will allow us to describe, partially or totally, the
space Stab(2) where Z is the derived category of some variety.

e An action on the right is provided by the topological group G~L+(2,R). No-
tice that we can identify G~L+(2,R) = {(T,f) | T : R? — R?, detT >
0 and f : R — R increasing with the property that f(¢ +1) = f(¢) +1 €
R such that the induced maps on S! = R/2Z = R?\ {0}/R, are the same }.

The reason of this identification is the following: we know that the fundamental
group 71 (GL*(2,R)) = Z, as it is homotopic to the product S x R3, therefore
it is a Z-principal bundle . Obviously there is an action G~L+(2, R)XZ —
GLT(2,R) which preserves the fibers, acting freely and transitively on them.
As a Z-principal bundle, it is induced by a continuous map

GL'(2,R) — S!

1
(a,b,c,d) — W(% c)

and therefore an element can be seen as (T, ), where T € GLT(2,R) and =z is
the first vector of T' normalized. Now we can see z as the initial value of a lift
f:R—RofamapT:S" — S (the one induced by T). As R — S’ is a
covering, f is completely determined by 7" and the initial point z.

Now, the action is given by;

Stab(2) x GL™ (2, R) — Stab(2)
(Z, P), (T, f) — (T" o Z, 2"
where 7'(¢) = Z(f(¢)).

e The other action is the one provided by the group AutZ:

AutZ x Stab(Z) — Stab(2)
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where ®(Z)(¢) =






Chapter 3

Fourier-Mukai transforms and
derived equivalences

Fourier-Mukai transforms are a powerful tool when dealing with derived categories
of coherent sheaves over a variety. Functors that are of Fourier-Mukai type behave
well with respect to elementary functorial operation: they admit left and right
adjoints, the composition of two Fourier-Mukai transforms is again of Fourier-Mukai
type and, finally, there are explicit conditions which allow one to decide whether
a Fourier-Mukai transform is an equivalence or not. There are two main results
in the theory of Fourier-Mukai transforms: the first one, which is due to Orlov
(Theorem 3.1.5), states that each exact quivalence between two derived category
2(X) and Z(Y), where X and Y are smooth projective varieties, is isomorphic to an
equivalence of Fourier-Mukai type. The second one, which is a corollary of Theorem
3.1.5, gives a description of the group AutZ in some particular cases. It states that
if X is a smooth projective variety with ample canonical or anticanonical sheaf, then
the group AutZ(X) is generated by shifts, automorphisms of the variety and twist
by line bundles (we will later explain what a twist functor is). For a complete proof
of this Theorem, see [6].

Let us now explain some heuristic behind the Fourier-Mukai transforms. First, recall
what the classical the Fourier transform is. It is something like this: given a function
f(x), the Fourier transform of f is the function g(y) := [ f(z)e*™*¥dz.

Let us give a quick description of the Fourier-Mukai transform:

1. Given two varieties X and Y, and a sheaf P on X x Y. The sheaf P sometimes
is called the "integral kernel". Take a sheaf 7 on X. Think of F as being
analogous to the function f(z) in the classical situation. Think of P as being
the analogous, in the classical situation, of some function of z and .

2. Now pull back the sheaf along the projection g : X x Y — X. Think of the
pullback ¢*F as being the analogous of the function f(x), and of P as being

analogous to the function e?™*¥,

43
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3. Next, take the tensor product ¢*F ® P. This is analogous to the function
f($)€2m$y.

4. Finally, push down ¢*F ® P along the projection p : X xY — Y. The result is
the Fourier-Mukai transform of F — it is p.(¢*F @ P). This last pushforward
step can be thought of as "integration along the fiber": here the fiber direction
is the X direction. So in the classical situation it is g(y) = [ f(x)e*™*¥dz,
which is the Fourier transform of f(x).

To make all of this rigorous, we have to deal with derived categories of coherent
sheaves, not just coherent sheaves. In this context the main difficulty is the pushfor-
ward operation. As is well known, the pushforward of a coherent sheaf is not always
coherent. But we can use the derived pushfoward instead, at the "price" of having
to deal with derived categories.

When X is an abelian variety, Y is the dual abelian variety, and P is the Poincare
line bundle on X x Y, then the Fourier-Mukai transform gives an equivalence of the
derived category of coherent sheaves on X with the derived category of coherent
sheaves on Y. This was proved by Mukai. This is supposed to be analogous to
the statement I made about the classical Fourier transform being invertible. In
other words the Poincare line bundle is really supposed to be analogous to the
function €>™*¥. A more general choice of P corresponds to, in the classical situation,
so-called integral transforms, i.e. transforms of Fourier type with a different kernel.
They do not have, in general, all the good properties of the Fourier transform,
but they can be nonetheless studied to provide examples of transforms between
functions in LP spaces. This is probably why P is called the integral kernel: to recall
the kernel of the Fourier-transform. When X is an abelian variety, therefore, the
analogies between the classical Fourier transform and the Fourier-Mukai transforms
are stronger, and some of the properties which make the Fourier transform a powerful
tool in analysis are analogously resembled in the algebraic geometric version. This
topic is completely treated in [13].

In this chapter, we will give the definition of the Fourier-Mukai transform, and we
will its basic properties and give some interesting examples of how it can be applied.

3.1 Definition and first properties

Let X and Y be smooth projective varieties', and let

!By a variety we mean an integral separated scheme of finite type over an algebraically closed
field
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be the projection on each of the two factors. To each object & € (X xY) , we can
associate an exact functor of triangulated categories @4 : Z(X) — Z(Y), which is
defined as follows:

Oy (X)) — DY)

L
F* 5 Rp.(P & Lq* 7°).

Notation 3.1.1. Now and later, we will write f, f*,®, s#om, Hom respectively

L
for Lfy, Rf*, ®, Rsom, RHom: there is no risk of confusion, as we will always
work in the derived context.

Remark 3.1.2. Be careful!The two notations Homgx)(e, e) and Hom(e, e) refer to
different objects.

Let us notice some a basic consequence of the definition. The functor ® 4 is called
Fourier-Mukai Transform of kernel &2. Notice that it is always exact, because it
is the composition of three exact functors, namely p., ¢* and &®, which we have
proved to be exact in the first chapter. The exactness of a functor in the triangulated
context is really important, much more than in the abelian context: an exact functor
of triangulated categories commutes with the shift, which means more or less that
we can treat each complex in the derived category like a direct sum of sheaves (in
Proposition 3.1.7 we will prove that any complex is isomorphic to a direct sum of
shifted sheaf). A triangulated functor which is not exact is, therefore, much less
manageable: for this reason, we will focus our attention exclusively on exact functors
all through the chapter.

Properties:

1. The identity

id: 2(X) — 2(X)

is isomorphic to the Fourier-Mukai transform with kernel &a, where A C
X x X is the diagonal . Indeed, if we consider the diagonal embedding

it X = ACXxX,then i,0x = Ox, and for each F* € 2(X) one has:

Do, (F°) =p(Or 2 ¢ F®)
= p.(i+Ox @ ¢"F°)
= i (Ox @i"¢"F°)
= (poi)(Ox ®(qoi)*.7*)

~

because poi=qoi = Id.

2. Let Z € (X xY). Then:
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e Foreach f:Y — Z:

J+0Pp 2P p), 2

where (Idx X )« € (X x Z). Indeed, consider the projections:

X xY
q P
X Idx x f Y
X x Z
X Z

then one has:

Qrayxf). 2(F°) = Du((ldx X [)« P @G F°)
= Px(ldx x [)o(Z @ (Idx X f)*¢"F°)

projection formula

> (po(Idx x f)(P (o (Idx x [))*F*)
T —q,_/

= fipe (P @ F°)

= fio®p(F°).

o For f:Z —Y:

[fo®p Z Qa4 ) o

where (Idx x f)*2 € 2(X x Z). Indeed, if one considers the pullback
square:

X xZ XxY
d p
VA Y

f

the flat base change gives

o =p(Idx x f)*.

Therefore, an explicit computation gives:
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[ro®5(F7)

(P @ ¢ F°)

Peo(ldx X ) (P @q F*)

P((Idx x f)* P @ (Idx x [)"q"F*)

P((Idx x [)* 2 @ (go (Idx x [))*F*)
—

q

11

12

I

Pigyx fy 2 (F°).

e For g: W — X, the composition ¢ o g, is isomorphic to the Fourier-
Mukai transform @474, )+ with kernel (g x Idy)*?? € (W x Y). If
one calls the projections

X xY

P

X IdXxf Y

W xY
w Y

then the flat base change on the pullback square

Wxy 9 W
gXIdy\L \Lg
XxY X

gives again:

q 9« = (g x Idy)«q".

Therefore:

Py 09 (F°) =pu(P R 9T®)

= (7 Idy).q* F*
flat base change b ( @ (g X Y) )
= p(g x Idy)«((g x Idy Z @ ¢".F*)

projectiof formula
=(po(gxIdy))s((g x Idy P ® §*.F*)
—_——
P

= P(gxrdy) 2 (F°).
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e For g: X — W the composition ® » o g* is isomorphic to the Fourier-
Mukai transform @,y 74,), . Indeed, just applying the projection for-
mula, one gets:

Del(g x Idy). P x §F*) =

= pu(g x Idy ) (P ® (g9 x Idy))"¢"F*) =

= (po(gxIdy)) (P @ (4o (g x Idy)) F*) =
p goq

=p(P x q"g"F°) =

=Dy og (F°).

D gx1dy). 2 (F°)

3. If f: X — Y is a morphism between algebraic varieties, then

fe = <I>ﬁrf 9(X) — 2(Y).
Indeed, by an easy computation:

4. If £ is a line bundle on X, then:

Qi = LR (o)

where i : X — A C X x X is again the diagonal embedding. Indeed, the
projection formula gives:

D, (F*) =pu(inL R F®)
= pin(L Q¢ T
=27

5. The shift functor [1] : 2(X) — Z(X) is isomorphic to the FMT with kernel
Oa[1]. The proof is very similar to the one of Item (1), and it simply exploits

the fact that any exact functor of triangulated categories commutes with the
shift:

Py ](F*) = pu(Oall] @ ¢*F°)
p«(Oa ® ¢"F*)[1]
(1o ®g, (F°)
7).

1 1m

1
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(=23

6. Let i : X — A C X x X be the diagonal embedding again. Then:

o = K[~k - dim X].

(%

Where S is the Serre functor, as in Section 3.1 Indeed, by Item (4) and again
by the fact that any exact functor commutes with the shift, one easily gets:

(S% [~k - dim X])(F*) = S (F*[~k - dim X))

F°| dim X] ® (wx[dim X])*

F° dim X| @ wx[dim X] ® ... ® wx[dim X]
k

F—k-dimX]| ® (wx @ ... ®wx)[k - dim X]

k

= F°[—k - dim X| ® Wk [k - dim X]

~ F°Quwk

=o. i (F°).

I*WX

—k-
—k -

7. Affare sulle deformazioni che non ho capito

8. The composition of two arbitrary FMT is again a FMT. Let X, Y, Z be smooth
projective varieties over a field k, as in the introduction to the Chapter.
Consider objects Z € (X xY), 2 € (Y x Z). Then define an object Z in
2(X x Z) by the formula:

R =7xz, (Txy P Q7y52),

where

X xY xZ

TXY WXZ\L Y Z

X xY X x Z Y x Z.

Then one has &9 o ®» = &y, as displayed below:

2(X) 22 9(v) 22 9(2).

v

Do

For the proof, simply look at this commutative diagram:
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TXY TY 7
/ TXZ

then write down the following isomorphisms:

Bp(F*) = 1.(R @ " F°)
>, (txz. (Ty P @ 15, 2) © 5* F*)

~ raxz, (x5yZP oy ;20 7wy F°*) projection formula
———— ~—
(romxz)«=mz, (qomxy)*

I

7z, (xy(@"F* @ P) @7y ,2)
~—
(tomy z)«
=ty z, (Txy (¢ F° © P) @7y 72)
Zt(rxz.mxy (" F* @ P)® 2) projection formula
2t (u'p(q" T © P) @ 2)
=t (W Pn(F*)® 2)
— (D (F?).

where the passage is given by the flat base change applied
to the diagram

X xY x 72X XxY

Y x Z v Y .

9. Each FMT has a left and a right adjoint, which are both FMT, whose kernels
can be explicitly described.

Definition 3.1.3. For each & € (X x YY), we set

Py =PV ® p*wy [dim Y]
Pr =P @ ¢'wx|dim X] ,
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Therefore
by, (7°) = (P @ p'wy[dimY] @ p*F*)
= ¢.(2"Y @ p*(F* @ wy[dimY]))
= Qv (Sy(F7°)) = (Popv 0 Sy)(F*)
and
5 (F°) = (PR P"T?)
= ¢.(2Y ® p*wx[dim X] ® p*F*)
= q.(2Y ®p"F°*) @ wy[dim X] (projection formula)
— SX o (D\/( 0“.)
This yelds:

Proposition 3.1.4. (Mukai) Let & € (X xY). Then
Dy b By Doy,

Proof. For each &°* € 2(X), F#* € 2(Y), we have:

Homgy(x) (@, (F°),6*)
= Homy x)(¢:(2" @ p*wy[dim Y] ® p*7*), £°)
(definition of @ », (:F*))

= Hom@(XXy)(,@V R p wy[dimY] ® p*Z#°*, ¢*&* @ p*wy[dim Y))

(Grothendieck - Verdier duality)
= Homg(xxy) (2 @ p*F*,q"E*)

(Syis fully faithful 777)
= Homgxxy) (0" F*, P @ ¢"E°)

(properties of 22V)
= Homgy)(F*,p(P @ ¢°6*))

(p" F ps)
= Homg (v (F°, @2(£7)).

And it similarly goes for ® g,
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Homgyx)(&°, @2, (F°*))
= Homg(x)(6*, ¢:(Pr @ p* F*))
= Homg (xxv)(¢"6*, Pr @ p*F*)
= Homgyxxv)(Z ® ¢"6*, " wx[dim X] @ p*.F°)
= Homyy)(p«(Z @ ¢"6*))
= Homg (@2 (&°), F°)

O]

The importance of Fourier-Mukai transforms is shown in the following Theorem,
which is due to Orlov.

Theorem 3.1.5. Let X and Y be shooth projective varieties and let

F:9(X)— 2(Y)

be a fully faithful functor. If F admits left and tight adjoint functors, then there
exists an object P € P(X xY) such that

$p 2 F.

Proof. The proof is highly non-trivial, so we will just give references. There are two
accounts of it in literature: the original one due to Orlov in [?], and another one
due to Kawamata in [11]. O

The following example gives an idea of how one can lose information while passing
from the objects in the derived category of the product to the corresponding Fourier-
Mukai transforms.

Example 3.1.6. Let X be an elliptic curve, and consider Ox € Z(X x X). Using
Serre duality, one gets that:

EXtQ(ﬁA, Op) = EXtO(ﬁA, Op @ wxxx)
——
=20xxx

= HomﬁXXX(ﬁA’ On)
= Homgy,  (Oxxx, OxxX)|a
=C

therefore ext?(Oa, Oa) = hom(Oa, Oa[2]) = 1, which implies that there exists a
nontrivial morphism
o : On — Op [2]

Obviously, the morphism ¢ induces a morphism between the two Fourier-Mukai
transforms corresponding to the two objects:
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(I)¢ : (I)ﬁA — (I)ﬁA[Q].

But we already know that

Con = Tdg(x)

and

P, = [2],

therefore the morphism of functors ®4 is simply the double shift: .7® — .Z#*[2]. We
now want to show that ®, is zero even if ¢ is not. For a sheaf .# € Coh(X) this is
trivial, as Ext?(.#,.%) = 0, by the fact that dimc X = 1. To conclude, one uses the
following

Lemma 3.1.7. Let X be a smooth projective curve. Then any object in Z(X) is
isomorphic to a direct sum of shifted sheaves @;c; &ilt], where & € Coh(X) for each
1.

Proof. Let &°* € 2(X). The proof goes by induction on the length of &° as a
complex, i.e. the minimum k = j — i such that H"(&*) = 0 for each n & {3, ..., j}.
If the length of & is one, then &* is itself a shifted sheaf, thus there is nothing
to prove. Suppose now that the length of &°® is £ > 1. Then we can easily find a
distinct triangle:

Hi(&E)[—i] — & — & 5 HI(E)[1 — 4]

where, as above, i = min{¢ | H"(&*) =0V n < £}, and &} is a complex with length
0—

at most k — 1. The idea is quite simple: suppose that &* = {... — &‘~! d—1> PN

&1 — .}, Then the sheaf H(&*)[—i] is isomorphic, in the derived category,

to the complex {... — 0 — ...Cokerd! 3 & %4 Imdé — 0 —> ...}, which
naturally embeds in &*:

i di+1

. —> Cokerd ¥+ i % I 0 0

LT T

- 1—1 . db . di+1 . di+2 .
.. — Cokerdi—* & &it1 £+2 EH o

the first two diagrams obviously commute, and the third one also does because &*°
is a complex, which means that the kernel of d’ contains the image of d'~!. Now,
the quotient complex is
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.. —= Cokerd ¥~ g1 4" Tgi L7 0

PR T
.. — Cokerd ¥ gi L g1 LT piv2 I gits

: , 4 v , Voo v
b T ot 1 2 4 gl

where the complex & = {... — 0 — Cokerd’ — &' — ...} has length k — 1.
Now, if this distinguished triangle splits, i.e. &* = HY(&*)[—i] ® &, then the
induction hypotesis allows us to conclude. Thus, by property 5 of the distinguished

triangles, it suffices to prove that Hom(&p, H (£°*)[1 — i]) = 0. Use the inductive
hypotesis again and write

& =P H(E)—k].
i>k
Therefore:

Hom(&F, HY(&*)[1 — ) = Hom(ED H!(&8)[—k], H/(E*[1 — i])
i>k

=~ @ Hom(H' (&)~ k], H'(&*[1 ~ i])
i>k

~ (P Ext' T (HE (), H(6®) =0
>k

because dim X =1 and k& > :.
O

This allows us to conclude: now take .#°* € Z(X). The lemma above tells us that
F* = P,cr Fili], therefore

Hom(Z*,.7°[2]) = Hom(EP Zi], P Zili + 2))

iel i€l
=~ (B P Hom(F[i], Z;[4))
iel jel

and the shift map sends each .%;[i] — %;[i 4+ 2| and, for what said above, is zero.



Chapter 4

Stability conditions on K3
surfaces

In this chapter, we are going to give examples of stability conditions on the derived
category of a K3 surface: this will show how the machinery we have developed in
the first part applies to a concrete triangulated category, i.e. the derived category
of a variety. We will not be dealing with abstract triangulated categories anymore:
our objects of study, from now on, will be concrete derived categories, namely
P(X) := 2°(Coh(X)), where X is an algebraic variety or, more specifically, a K3
surface. Recall that the objects of Z(X) are complexes of coherent sheaves on X,
which we will try to treat almost as sheaves, using the fact that there is a natural
embedding Coh(X) — Z(X), which simply comes from the fact that the abelian
category Coh(X) is the heart of a bounded t-structure on Z(X). We shall thus need
to extend some of the general sheaf theory to complexes of sheaves: first of all, we
would like to give some sense to sheaf invariants even for complexes. Recall that the
Chern character of an invertible sheaf is:

+ooc k
ch(Z) = exp(c1(L)) =D 1(5) '
k=0 ’

Notice that this definition naturally extends to arbitrary coherent shaves: first, to
the locally free ones, by simply invoking the Splitting Principle, then to coherent
sheaves using the fact that any coherent sheaf admits a finite locally free resolution.
Since exact sequences in the Grothendieck group always split, and since the Chern
classes are invariant under isomorphisms of sheaves, then the Chern Character as
a ring homomorphism from the Grothendieck group of a variety to its rational
cohomology ring is well defined!. Recall that the Grothendieck group has a natural
ring structure, given as follows:

[E]+[F]:==[E® F];
[E]-[F] == [E® F]

for each [E],[F] € K(X). Now, we wonder how to further extend the definition
of Chern classes and Chern character to complexes of sheaves. The most natural

! Actually, when dealing with K3 surface, it suffices to work with the integral cohomology ring,
as the intersection form induced by the natural cup product is even.

55
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definitions are the following ones:

and

+oo
ch(F#*) = Z (=1)'ch(H'(F*))
i=—00

for each .#* € K(X).2 Notice that these definitions simply use the fact that any
sheaf complex in the derived category is completely identified by its cohomology,
and that the sums are indeed finite, due to the fact that we are working on the
bounded derived category.

We shall count upon the theory introduced in the previous chapters to develop the
necessary techniques. Our purposes, in this chapter, will be:

1. To give some generalities of the theory in the case of K3 surfaces. In particular,
we will need to use the notion of mukai vector of an object .#* in the derived
category Z(X) and to explain how it comes up to be important in the classifi-
cation of the objects of Z(X): it defines an isometry between the Grothendieck
group of X and the integral cohomology ring, when both are endowed with
suitable bilinear forms. Then, we will examine the group AutZ(X) of the
exact autoequivalences of X, showing that there is a map between AutZ(X)
and the group of Hodge isometries os the integral cohomology lattice. We
will need the theory developed in the previous chapter, as Fourier-Mukai
transforms are needed. We will look at the kernel of this map, in order to
describe some elements belonging to it. The principal aim of this will be to
give all the needed definitions in order to state Theorem 4.1.8 and Conjecture
4.1.9, which are some of the principal results of the whole theory. The idea
behind conjecture 4.1.9 is the following one: in the case of elliptic curves,
the space of stability condition is not only completely determined, but also
simply connected: it comes out to be homeomorphic to the universal cover of a
connected component of some linear group. In the case of K3 surface, one’s aim
would be to reproduce this result, even if in a weaker version: what we hope is
that there is at least a connected component (the one preserved by the action
of AutZ(X), see Chapter 2) which is simply connected. Moreover, Conjecture
4.1.9 states that the map between the group AutZ(X) and the group of Hodge
isometries of the integral cohomology lattice is surjective, giving an explicit
description of its kernel.

2. To build a class of stability conditions, using the techniques provided by tilting
theory. The fact is that, when dealing with derived categories, one has a
preferred t-structure (the trivial one). Starting from this, it is easy to find new
hearts, and therefore the chance to build suitable central charges raises. To
find a new stability condition, we will use a pair of real divisors, where one
of the two is ample, to build a torsion pair inside the category Coh(X) and,

VQWe will always denote with HY(Z*) the cohomology of the complex .7* = {— Fit
Ft— FH Y ie H(F®) = Kerd' /Imd" ™.
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therefore, a new heart in Z(X) by right tilting. Then, we will find a couple
of central charges, both of the two compatible with the so-found heart, and
we will explicitely show the compatibility. A very important result to recall
will be Proposition 2.3.5, which gives a link between stability conditions on
triangulated categories and hearts of bounded t-structures. This one will be
the higher-dimensional known examples, as in dimension three no examples of
stability conditions have been found yet.

. To give a local characterization of the map

7 : Stab(X) := Stab_y(X) — A4(X) ® C,

mapping a stability condition to its central charge, which is slightly different
from the one found in theorem 2.4.8. Notice that all through the chapter,
the space Stab(X) will denote the space Stab_s (X)) of the stability conditions
which factorize via the numerical Grothendieck group .4 (X). What will be
shown is that, when restricted to the preimage of a certain subset of A4 (X)®C,
it defines a topological covering. What will be more difficult is to find the
suitable subset: we will use the results developed in the first part and the
properties of spherical objects.

. To describe the wall-and-chamber structure of a connected component of
the complex manifold Stab(X). We will prove that there is a collection of
codimension-one submanifolds, called walls, which mark a border between
stability and non-stability for certain objects. Roughly speaking: if one fixes
a stability condition which is far from the walls and deforms it, some of the
objects which are stable with respect to it remain stable until the deformed
stability condition crosses one of the walls. This phenomenon is best-known
as "wall-crossing". In particular, we will describe the walls and prove how the
stability of some objects changes from a chamber to another. This result is
important because it was developed by Arcara and Bertram in [?]: what they
have found is that there is a link even between the Moduli spaces parametrizing
the stable objects in each chamber. More specifically, one of that moduli spaces
is a Moduli space of sheaves in the "classical" sense, and there are birational
maps, called Mukai flops, which connect each of the Moduli space to another
one.

Let us now give some basic results we are going to use all through the chapter.

4.1 Foundational material

Let X be an algebraic K3 surface over C. From now on, we will be principally
dealing with two objects, i.e. the Grothendieck group K(X) of X, which we have
already defined, and the integral cohomology ring H*(X,Z). If we want to look for

an application going from one to the other, the most natural choice could be:

ch: K(X) — H*(X,Z)
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Now we want to endow both K(X) and H*(X,Z) with a bilinear form. On the
Grothendieck Group K (X), we consider the Euler bilinear form x/(e,e), defined as:

+o0
X([E],[F]) = ) (~1)"dim¢ Hom(E, F[i]) .

1=—00

Notation 4.1.1. We will usually write simply x(E, F') instead of x([E], [F]), when
there is no need to stress the fact that F/ and F' are classes in the Grothendieck group,
and hom(E, F), ext!(E, F) respectively for dim¢c Hom(E, F) and dimc¢ Ext'(E, F).

This works because of the following fact: the derived category of a smooth projective
variety over the complex numbers is of finite type, i.e. for each pair of objects
E,F € 2(X), the complex vector space @, Homx (E, F[i]) is finite-dimensional.3.
Now, applying Serre’s duality theorem, it is easy to show that the left and right
radicals K (X)* and + K (X) with respect to the form y are the same. Indeed, recall
that:

K(X)' ={FeK(X)|x(E,F)=0 VF € K(X)}
LK(X)={EeK(X)|x(F,E)=0 VF € K(X)}.
So we need to show that if F is in “K(X), then for each F € K(X) one has
x(E, F) = 0. But the fact that £ €+ K(X) means that for each F € K (X):
0= x(E,F) =hom(E, F) — ext'(E, F) + ext*(E, F)

This shows that the Euler form descends to a nondegenerate bilinear form on the
numerical Grothendieck group

N (X)=K(X)/K(X)*".

On the other hand, we can define a symmetric bilinear form on the integral coho-
mology ring. We can write

H*(X,Z) = H(X,Z) ® H*(X,Z) ® H(X,Z) = Z& NS(X) & Z

and endow it with the Mukai bilinear form, given by

((T7 Av 5)7 (T/) Al; S/)) = 7’3/ + 7'/3 - A- A/

where the product A - A’ is the usual cup product of the cohomology ring. This
form is clearly bilinear and symmetric, and the resulting lattice is even of signature
(3,19) (see the previous chapter about generalities on K3 surfaces).

Now, we want an isometry:

7 K(X) () — HY(X,Z)(.-
First we notice that the Chern character does not work. Indeed, take the structure
sheaf Ox. Obviously:

3The reason is that the Ext groups are cohomologies, by Serre duality, and hence finite-
dimensional.
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X(ﬁx,ﬁ){) = hom(ﬁx,ﬁ){) —eth(ﬁx,ﬁx) —l—eth(ﬁx,ﬁX) =141=2

but

(ch(y), ch(0x)) = ((1,0,0),(1,0,0)) = 0.

We need therefore to create something which works better. Luckily, we have a strong
tool which suggests us the right solution: recall that the Hirzebruck-Riemann-Roch
theorem states that if X is a smooth compact complex variety and .% € Coh(X),
then

(X, F) = / ch(F)Td(X)
X
where Td(X) is the Todd class of X, namely

1

Td(X) :==Td(Tx) =[] o

where the v;’s are the Chern roots of %. Now, by Serre duality, we know that:

Ext!(&,.#) =2 H* (X, @ F)

therefore:

X(&,7) =) (~1)ext(E,F) = Z X, 85 RTF) = Zhj(X, E*R.F) = x(E*.F)

7 7 i

Notice, moreover, that if we denote with * the usual involution on the even part of
the cohomology ring, namely:

x H*(X,Z) H*(X,Z)
| |
HY(X,7)® H*(X,7) ® HY(X,7Z) HY(X,7)® H*(X,7) ® HYX,7Z)
r, A, s r , —A , )

we can observe that:

o if u and v are vectors in the lattice, then (u,v) = [y u* - v, ie., the top
degree part of the usual cup product of w and v . In fact, if u = (r, A, s) and
v=(r',A’,s) then:
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/ u v =(r,—A,s)- (', A, s)

X
=[r +rA" +rs — Ar' — AA" — As' + 51’ + s5']4
=7rs — AA + s/

(u,v).

o If & is a locally free sheaf of rank n, then ch(&)* = ch(&*) where &* =
Hom(&, Ox). Actually, we immediately have that rk(&") = rk(&™*), because the
rank of & as a locally free sheaf coincides with the rank of the corresponding
vector bundle; therefore:

k(&™) = dime(&)*(x) = dime(&8(x))* = dime(&(x)) = k(&)

where x € X and &(z) is the fiber of & at x, namely &(x) = &, /.#,8, and
M, is the maximal ideal of Ox . Moreover, using the fact that the Chern
character is a group homomorphism:

ch(&*)ch(&) = ch(&* ® &) = ch(O%),

we get that:

(K(8%),e1(67), 3er(67) = ex(E7)) - (K(8),e1(8), 3er(6)? — ea(6)) =

cha (&)
= (tk(&)k(&), rk(E¥)er (&) + k(&) e (E7), k(&) cha (EF) 4 1 (&E)er (E7F) + rk(E)chy (&)
= (n%,0,0)

therefore, from the fact that rk(&) = rk(&™) we get:

k(&)1 (E) +1k(&)e1 (&) = 1k(&E)c1(&E) + k(&)1 (6F) =0

which implies that ¢;(&*) = —c1(&). Finally, the degree three - part of the
product, which must be zero for dimensional reasons, gives that:

C1 (éa*)chz(é")—i-cl (é())chg(éa) =
= a(E)Gal8) — a8) +a(@)za(E") - oE) =
- %cl(é")?’ - %cl(@@)?) —e(E)ea(EF) + er(E)es(€) = 0

and cp(6*) = ¢2(&). This means that ch(&*) = (1k(&), —c1(6*), 3¢1(8)? —
c2(&)) = ch(&)*.
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Proposition 4.1.2. The Mukai vector
v K(X)X(.,.) — H*(X, Z)(w')‘
1S an isometry.

Proof. Using what we discovered in the previous remarks:

(0(&), o(F)) = [ (&) ()
— [ ey
-/ m(g*)@eh(% Td(X)
_/ ch(&*)ch(F)Td(X)
_ / ch(&* @ F)Td(X)
HAR oy o )
:X(éa,ﬁ")

O]

Proposition 4.1.3. The Mukai vector identifies the numerical Grothendieck group
N (X) with the cohomology sublattice Z. & NS(X) ®Z C H*(X,Z) = H'(X,Z) &
H?*(X,7)® HY(X,7)

Proof. We already know that the Mukai vector defines an isometry:
v: K(X)— H(X,Z) ,
so what we need to prove is that
o it factors through the quotient K (X)/K(X)*,
e it is injective
o its image is the lattice Z & NS(X) & Z.

Let us prove the third point first, i.e., that for each u € Z ® NS(X) ® Z, there exists
an object & € K(X) such that v(&) = u. Let u = (r, A, s). The class A belongs to
NS(X), which is, by definition, the image of the first Chern class

c1 : Pie(X) — H*(X,Z) ,

therefore we will always find a line bundle £ such that ¢;(¢) = A. Now, if
r > 0, then the rank and the first Chern class of the sheaf .Z & ﬁ;{l will be the
required ones, i.e., the first two components of u. If » < 0, then we will need a two
terms-complex, i.e. £*={... — &1 — &0 — &' — &2 — ... such that
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£ if i =0,
H'(&%) = 0% ifi=1,
0 otherwise

Indeed, recall that the rank and the Chern classes of a complex are the alternating
sums of the ranks and the Chern classes of its cohomologies. Finally, given the third
component of the Mukai vector, one can build a sheaf which gives no contribution to
the rank and to the first Chern class, but whose second Chern class is the required
one. Indeed, consider a sheaf .# supported on a curve C contained in X, and let
7 : C — X be the immersion. Then ,.% is a sheaf on X with both rank and first
Chern class zero. Then, again by Hirzebruch-Riemann-Roch, we have:

CQ(X)
12

) = —c2(F)

(Xi?) = [

ch(.F)Td(X) = / —eo(F) - (1 4
X X

but on the other hand x(X,i..%) = x(C,.%#) which is equal, by Riemann-Roch for
curves, to d — g + 1, where d = deg(#) and g is the genus of C. Therefore, being
d and g integers which can vary freely, we can produce a sheaf with fixed second
Chern class. Setting now ¥4° := &°* ¢ .#, we have found the required object.

Now let us turn our attention to the other two points. It suffices to prove that:

1. K(X)* is a subgroup of K(X) (it is obviously normal, because K(X) is
abelian);

2. K(X)* = Kerv, where v is seen as a homomorphisms of abelian groups.

If 1) and 2) hold, then we can apply the first Theorem of homomorphism and conclude
that the map v factors through the quotient group .4 (X) = K(X)/K(X)*.

1. To show that K (X)' is a subgroup of K(X), it suffices to prove that for each
pair of objects [6*],[#*] € K(X)*, one has [§°] — [#*] € K(X)**. But we
know that —[.7#°] = [#°*[1]], therefore [£°] — [#°] = [£* & .Z#°[1]]. Thus for
each ¥°* € K(X):

x([6° = 7°L[9°]) = x([¢* @ #*[1]], [¢°])
= x([¢°], [¥°]) + x([£*[1]], [¢°])
I
= —x(Z*];[4*])
=0.

“Here I am using square parentheses because I want to stress the fact that we are dealing with
equivalence classes, and make a distinction between the classes and the objects representing them
in the derived category
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2. What we need to use is just that, if & € K(X), then v(&) = (0,0,0) if
and only if (v(&),u) = 0 for each u € Z & NS(X) @ Z. If v(&) = (0,0,0),
one obviously has (v(&),u) = 0 for each u € Z & NS(X) & Z. For the
converse, consider v(&) = (r, A, s) such that rs' +r's — A - A’ = 0 for each
(r', A’ s") € Z ® NS(X) & Z. Suppose that (r, A, s) # (0,0,0), and that, for
example,  # 0. But if (', A’)s") = (0,0, ") with s’ # 0, then

((7", A? 3)7 (rly A/, 3/)) = 7‘8’ 75 0

which is a contradiction. Same goes for the other two components. But
this means that & € Kerv < v(&) = (0,0,0) & (v(&),u) = 0 for each
u€eZAdNS(X)PZ < (v(&),v(F)) =0 for each F € K(X) & x(&,%)=0
for each .7 € K(X) & & € K(X)*.

O
We are now ready to give the basic ingredients of the main theorem of this section.

Definition 4.1.4. An isometry f : H*(X,Z) — H*(X,Z) is called a Hodge
isometry if it is a morphism of Hodge structures, i.e. f(HP9(X,Z)) = HPU(X,Z)
for all p,q. The group of Hodge isometries of a K3 surface X is denoted with
AutH* (X, Z).

A classical result by Orlov states that every exact autoequivalence of Z(X) induces
a Hodge isometry, i.e. there is a map
w: A2 (X) — AwtH*(X,Z)

whose kernel is denoted Aut’2(X). Let us briefly outline how it comes out.
Consider an exact autoequivalence ® € AutZ(X). Since an autoequivalence always
admits left and right adjoint, which both coincide with its inverse, Theorem 3.1.5
assures us that there exists an object &* € Z(X x X) such that & = ®g.. Now,
consider the algebraic cycle:

7 = q*\/Td(X) - ch(&*) - p*1/TA(X).

This cycle defines an endomorphism of integral cohomology of X:

f H*(X,Z) — H*(X,7)
U U
v - p(Z - q*(v))

Therefore we have the following:”

5The result also holds in a more general case, i.e. when ®ge is fully faithful, by a classical result
which shows that a fully faithful functor always admits left and right adjoints. However, for our
purposes it suffices to consider only the case of autoequivalences
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Proposition 4.1.5. If g € Aut2(X), then:

1. f is an isometry from the lattice associated to H*(X,7Z) to itself;

2. the inverse of f is equal to the homomorphism

f: H*(X,7) — H*(X,7)
U U
v = a:(Z" - p*(v))

where ZV := ¢*\/Td(X) - ch((&*)") - p*/Td(X) .

Proof. Recall that the left and right adjoints of ®ge are

Dy = .((67)" @ 9" ()) @ wx[dim X]
= 0.((£7)" @ () © Ox[2
— (&) @p ()
= e

Since ®ge is an autoequivalence, the compositions CDgL- o Dre = Ppe o @g}; are
isomorphic to the identity Idgx) = @4, , with A C X x X is the diagonal, as usual.
Now, using the projection formula and Grothendieck-Riemann-Roch theorem, we
get:

Jof= IdH*(X,Z)

Therefore, f o f is the identity and hence f is an automorphism of the lattice. Now,
taking v and v in H*(X,Z), a little bit of computation gives:

(v f@) = [ o 90" \/Td< h(6%)-g"\/Td
= / -ch(&®) - /Td(X x X)) (projection formula)
/ -ch(&®) - /Td(X x X)

and similarly

(u, f(v)) Z/XxX(q*(uv)-p*(v)'Ch(cf')*' Td(X x X),
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hence (v, f(u)) = (f(v),u). Since f o f is the identity, we get:

(f(w), f(0) = (f(f(w)),0) = (u,0).

Thus, f is an isometry.

Three interesting classes of exact autoequivalences are:
1. the shift functor [1] : 2(X) — 2(X);

2. pullbacks by automorphisms of X: if ¢ : X =5 X is an automorphism, then
¢* : Coh(X) — Coh(X) defines an autoequivalence of abelian categories
which can be extended to an exact autoequivalence of derived categories,

o* 2(X) — 2(X);
3. Twists by spherical objects.

Recall that an object &°® € Z(X), where X is an arbitrary algebraic complex variety,
is called spherical if:

e ' Qux EE°;

C ifi=0,dimX

0 otherwise

o Exti(&°, &%) = {

To each complex of locally free sheaves £° € Z(X) we can associate a functor which
is called twist functor Tge, defined as the Fourier-Mukai transform with kernel

P = Cone(n: (6°)RE® — Op)

where A C X x X is the diagonal, and the map 7 is the canonical pairing. Since
quasi-isomorphic complexes give rise to isomorphic Fourier-Mukai transforms, one
can use the fact that each coherent sheaf has a finite locally-free resolution to extend
the definition to each object &° € Z(X). If &° is spherical, moreover, a result shows
that the corresponding twist functor is an exact autoequivalence of Z(X).

Let us call

T,g’o = q)y

Then we want to give a more explicit characterization of Tige(#). Consider an
arbitrary distinguished triangle:

& — F* — g L

Where &°,.%°® and ¢4° are in Z(X x X). Then, if ¢ and p are the two projections
respectively on the first and on the second factor and #°* € Z(X), both

E* Q@A — FRGH — G @ g L

Pe(E° @ ¢* ) — P (T @ ¢*H*) — p(G* @ ¢* ) 1
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are distinguished triangle, because all the functors involved are exact functors of
triangulated categories, so we can conclude that

Do () — B go(H®) — Dyo(°) 15

is a distinguished, as well. More explicitely, the distinguished triangle we are
interested in is:

(E*) R E —s Op — Cone(n : (6°) R E —s On) 15
Where, as usual, (&°)" := R#om(&°, Ox). Therefore

@(g-)vggo(y.) — @ﬁA(y.) — T@o.(ﬁ') +—1>

gives that Tge(#*®) is a cone of some morphism. Now, by the general theory, we
know that

By (F°) = F°

and some computation gives that:

D seyme(F) =pa(a'(67)" @' 6° @ 4" F?)
= p.(q"((8°) @ F*) @ p"E°)
> (¢ () @ F*) 2 & (projection formula)
~ ()Y eIFRE° (flat base change)

Therefore, for each .# € 2(X), the twist T (%) of F by & fits into a distinguished
triangle:

Hom® (6%, 7%) © 6° —s F* — Tise(F*)

Tse(F*) = Cone(Hom*(&°, #°) @ &°) — F°),
where
Hom*®(&*, 7°) ® &°
stands for
@Hom'(é”, Fi]*) @ &1—1]°.

Since &*° is spherical, one has

Hom®(&*, &i]°) = Ext'(&,&) = Cif i = 0,2, 0 otherwise .

Therefore
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@Hom'(cﬁ", El)@&[—i*=CeaCr -2 =86 &[-2]°
So one looks for the cone of

E*DE-2I° — & —7 .
This triangle is the direct sum of two distinct triangles, 0 — &°* — &° 2L 0 and
E[-2]* — &[-2]* — 0 — &[—1]°, so
E1-2]* — & @ -2 — & — E[-1)°

therefore 7 = &[—1]°, so the element Tee (&*) has infinite order. Moreover, w maps
the autoequivalence Tige to a suitable riflection. Let us see why. First, we will need
to prove something about the behavior of the Mukai vector with respect to spherical
objects.

Lemma 4.1.6. If &°* € 2(X) is stable for some stability condition on X, then

(&%) > 2
with equalty precisely when &° is spherical.

Proof. The lemma simply follows by Proposition 4.1.2 plus the fact that each object
which is stable for some stability condition is simple. But &° is simple if and
only if Hom g, X)(céa *.&*) = C (Schur’s Lemma) and, by Serre duality, one also has
Ext?(&*,&*) = C. Therefore, by Proposition 77 :

v(E°)? = (v(&°),v(£*))
=x(&*,67)
= hom(&°,&°) — ext!(&°,&°) + ext?(£°, &°)
=2 —ext!(&£°,6°)
therefore 0 < ext!(&*,&*) = 2—v(&*)? and v(&*)? > 2. If, moreover &* is spherical,

one has ext!(&*,&*) = 0 and therefore v(£°)% = 2.
O

This lemma shows that the Mukai vector of each spherical object lies in the root
System:

A(X) = {5 e N¥(X)]| (5,0 =2).

Proposition 4.1.7. The twist functor Te is mapped by w to the reflection:

F(0) =v— (0(&),v) v(&) .
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Proof.
¢ = Cone(&Y K& — Op)

EVRE — Op — € 15 (VR )]

ch(€) = ch(Oa) — ch(&Y K &)
By Grothendieck-Riemann-Roch applied to the diagonal embedding ¢ : X SA C
X x X:
ch(Op) - Td(X x X) =i, (ch(Ox) - Td(X)) = i, Td(X).

Dividing by /Td(X x X) and using the fact that i*\/Td(X x X) = Td(X) yields:

X x X) = ch(6a) - TAX x X) - /TA(X x X)

_ L Td(X) - JTA(X % X)

Ch(ﬁA

~—

Hence,

pe (0(02) - TAX < X) 4" ()
= palia(1) - (1)) = pulin (g7 (0))) = v

Finally, using the fact that ch(&a) is an even cohomology class, so it commutes
with the first term, (?) one can compute the algebraic cycle corresponding to &

Z = ¢"\/Td(X)ch(€)p*+/Td(X)

= ¢*\/Td(X)ch(Oa)p*\/Td(X) — ¢*\/Td(X) - ch(&" B &) - p*\/Td(X)
JTd(X) — "\ JTd(X) - ch(q"6" @ p&) - p*\/Td(X

y/Td(X x X) — ¢*\/Td(X) - ch(¢*&Y) - ch(p*&) - p*\/Td(X)

3

Il
o
=
S
)Q*
-
~
=
>
)B*

||
e
=
S
E
<
X
S
|
)Q*
=
4
5
=

Td(X)) - p"(ch(&) - \/Td(X))
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f) =p(Z-q"(v))

— pe(ch(Oa) - \/TAX x X) - ¢ (v)) = pul@ v(EY) - p0(&) - 4" (v))
— 0= g (0(6") - 0)0(&)

:v—(/)(v(g)*.v).v(g)
=v— (v(&),v) v(&) .

Thus the functor T2, defines an element of Aut’Z(X) := Kerw.
O

We now want to examine the action of the group AutZ(X) on the space of stability
conditions Stab(X). A stability condition is said to be numerical if its central charge
takes the form

2(&8%) = (w(a),v(£7))

for some vector w(o) € A (X) ® C, where

7 Stab(X) — A (X)® C

is the map sending a stability condition to its central charge, which is continuous.
To describe the image of this map, define an open subset:

P(X)C N (X)®C

consisting of those vectors whose real and imaginary parts span a positive-definite
two-planes in A4 (X) ® R, i.e.

P(X)={ve N(X)RC| (e, °)|SpanR{§Rv,Sv} is positive definite }

This space has two connected components, which are exchanged by complex conjuga-
tion. Notice that GL™(2,R) acts freely on &?(X) by simply identifying 4" (X) @ C
with A47(X) ® R. A section of this action is provided by the submanifold:

2(X)={ve 2(X)| (v,v) =0, (v,v) >0 and r(v) =1}

which can be identified with

{D+iF eNS(X)®C | F? > 0}

via the exponential map
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: 1
D +iF v =Pt = (1,D+z’F,2(D2—F2)+z'(D-F)).

Now, let 227 (X) C £(X) be the connected component containing the image of the
exponential map for 7 € NS(X) ® R ample. For each 6 € A(X) let

t={ve N X)®C| (v,6)=0}c H/(X)®C.

We state one of the fundamental theorems of the theory:

Theorem 4.1.8. There is a connected component Stab®(X) C Stab(X) which is
mapped by ™ onto the open subset

2i(X)=27(X)\ |J dfcH(X)eC.
SEA(X)

Moreover, the induced map

T|stabe (x) : Stab®(X) — 25 (X)
is a covering map, and the subgroup of Aut’P(X) which preserves the connected
component Stab®(X) acts freely on it and is the group of deck transformations of .

Finally, one would like to describe the group AutZ(X). An argument by Orlov
shows that the image of the map w contains the index-two subgroup

AuwtTH*(X,Z) C AwtH*(X,Z)

consisting of the elements that do not exchange the connected components of Z(X).
The following conjecture gives an interesting characterization of all the objects
involved:

Conjecture 4.1.9. The action of the group AutZ(X) on Stab(X) preserves the
connected component Stab®(X). This connected component is simply connected, and
therefore there is a short exact sequence of groups:

1 — m(Z§(X)) — Awt2(X) =5 AwtTH* (X, Z) — 1.

We will now give some results which will allow us to describe the wall-and-chamber
structure of Stab(X).

Lemma 4.1.10. Let &/ C 2(X) be the heart of a boundet t-structure on 2(X).
Then if

0—A—B—C—0
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is a short exact sequence in o/ such that Homgxy(A, C) = 0, the following inequality
holds:

ext!(A, A) +ext! (C,C) < ext!(B, B) .
Proof. Given E, F € &/, write
(E,F)" :=ext'(E, F).
Then (E,F)* = 0 unless i = 0,1,2 and, by Serre duality , (E,F)! = (F, E)?~".
Recall that the Euler bilinear form splits on short exact sequences, i.e.
for each X € /. We make the computation when X = A, B, C":

2(A4,A)° — (A, A+ (C,A)° — (C, A+ (A,0)° = (B,A)°" — (B, A)' + (4, B)"
(A,0)° —(4,C) +(C, A)° +2(C,0)° — (C,C)' = (B,C)° — (B,C)' + (C,B)°
(A,B)’ — (A, B)! + (B, A)° + (C,B)° — (C,B)' + (B,0)° = 2(B, B)’ — (B, B)!

then, summing up and considering that (A4, C)° = 0, we get:

2(A,A)° — (A, A 4+ (C,A° — (C, A — (4,0) + (€, A)° +2(C,0)°—
—(C,C)' +(4,B)° — (4,B)' + (B, A) + (C,B)" — (C,B)' + (B,C)" =
= (B,A)"—(B,A)'+(4,B)°+(B,C)° - (B,0)' +(C,B)* +2(B,B)" — (B, B)!

which gives

2(A,A)° 4+ 2(C, A)° —2(C, A +2(C,C)° — (A4, A)! — (C,C)! =
=2(B,B)" — (B,B)' <2(B,B)" — (4,A)' — (C,C)*

and finally

(A, 4)°+(C,A)° — (C, A + (C,0)° < (B,B)" .

This is equivalent to the inequality we want to prove, and follows by the existence
of the short exact sequence

0 — Hom(C, A) — End(B) — End(A4) @ End(C) — Ext!(C, A)

to show where it comes from, we can observe that, by the hypotesis (4, C)°, each
endomorphism of B induces an endomorphism of the entire triangle A — B —

C +—1>, seen as a triangle in the whole derived category. Actually, one has:
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where the dotted arrow is just the composition. But this means that an arrow in
End(C) is induced:

A B o

C

Moreover, by the third axiom of triangulated categories, a couple of maps B — B
and C' — C' can be completed to a map of the whole triangle, i.e., an arrow A — A
is induced. O

Recall Theorem 2.4.8:

Theorem 4.1.11. For each connected component Stab*(X) C Stab(X) there exists
a linear subspace V- C A (X) ® C such that the map

7 : Stab®(X) — A (X)® C
is a local homeomorphism on an opens subset of the subspace V.

In all known examples, the subspace V' is actually the whole A4 (X) ® C, but the
fact that a general result has not been proved jet, is useful to give the following
definition:

Definition 4.1.12. A connected component Stab*(X) € Stab(X) of the space
of stability condition is called full if the subspace in the theorem above is the
whole 4 (X) ® C. A stability condition o € Stab*(X) C Stab(X) is called full if
o € Stab*(X) for some full connected component Stab*(X).

Notice that full stability conditions are preserved by autoequivalences.
We now give a definition whose utility will appear later.

Definition 4.1.13. A stability condition o = (Z, &) € Stab(X) is called discrete
if the image of the central charge Z : K(X) — C is a discrete subgroup.

Lemma 4.1.14. Fiz 0 <e < %, and let o = (Z, ) be discrete. Then for all ¢ € R,
the quasi-abelian category P ((¢p —e, ¢ +¢€)) is of finite length. In particular, o is
locally finite.

Proof. Fix ¢ € R and call & := Z((¢p —,¢ +¢)). The central charge of an object
A € &/, by definition, lies in the sector
S={z=7re™|r>0and ¢ —e < < ¢+¢}
because it sends in S all the semistable factors in the Harder-Narasimhan filtration
of A. But S is strictly contained in a half-plane of C, because we have chosen ¢ to
vary in (0, 3). Define a real-valued function
fK(X)—R
A R(e ™ Z(A))
Then f(A) > 0 for all nonzero A. Indeed
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R(e Z(A))
R(e —in¢ (A)eiw(A))
= R(r(A)e™(¢A)=9)

f(4)

but ¢(4) — ¢ € (—¢,€) C (—3, 3), therefore e™(@(4)=¢ lies in the first quadrant of
the complex plane, which implies that f(A) > 0.

Moreover, f splits on strict short exact sequences in &«: if0 — A — B — C —
0 is a strict short exact sequence in o7, then f(B) = f(A) + f(C). Indeed we have

that:

Z(B) = Z(A) + Z(0);

eZ(B) = e Z(A) + ¢ Z(C);
R(e ™ Z(B)) = R(e ™ Z(4)) + R(e ™ Z(C));
1(B) = f(4) + F(C).

Therefore, for each E € 7, the central charges of its subobjects and quotients lie in
the bounded region

{ze S| R ™2 < f(E)}.

The hypoteses that ¢ is discrete implies that there is only a finite number of
possibilities and, by the fact that each subobject must be sent by f to a strictly
smaller point belonging to the segment (0, f(E)), each chain of subobjects must be
finite (same goes for quotients). Therefore, o is locally finite.

O

Lemma 4.1.15. Let 0 € Stab(X) be a full stability condition, and fiz 0 < e < % as
above. Then for each ¢ € R the quasi-abelian category P ((¢p — e, ¢ + €)) is of finite
length.

4.2 Constructing stability conditions

Recall, by the previous chapter, that the classical slope function for torsion-free
sheaves .% is given by:

01(9) -H
rk(%)

for each ample divisor H. Therefore, the notion of stability strongly depends on the
choice of an ample divisor on the surface. The associated notion of semistability is
the usual one, i.e. a torsion-free sheaf .7 is semistable if for each proper subsheaf
¢ C Z,one has py(9) < ug(F). Therefore, we can build the Harder-Narasimhan
filtration with respect to H for each coherent sheaf &

pu(F) =
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Il
S

HCEHC...C&y

where:

1. & = tors(&);
2. For each i = 1,...,n, the sheaf .%; := &;/&;_1 is torsion free and H-semistable;

3. The slopes form a strictly decreasing sequence: pf7 (&) := pup(F1) > pu(Fa) >
o> (Fa) = 1y (E).

The existence and the uniqueness of the Harder-Narasimhan filtration have been
proved in the previous chapter.

Remark 4.2.1. For any torsion sheaf ¢, the H-N filtration is 0 C ¢. Therefore, there
are no semistable quotients we can use to compute slopes, and, by convention, we
set p(9) = +oo.

Remark 4.2.2. We could of course associate to the slope function defined above a
family of group homomorphisms on the abelian category Coh(X):

Zp : K(Coh(X)) — C
& s (&)™)

for each torsion-free sheaf & (of course an arbitrary coherent sheaf will be mapped
to the sum of the images of its semistable torsion-free quotients), each one given
by a different choice of r(&). However, notice that this one cannot be a Bridgeland
stability function: in fact, by definition, the positive cone should be mapped to
the upper-half plane H, thus the image of each nonzero object should be a vector
of H, i.e., with nonzero slope. But the group homomorphism defined above sends
the sheaf 0g to a point on the positive half of the real line (¢1(0s) = 0, therefore
wr(Cs) =0, too) which does not belong to H.

Let us now outline a strategy to build a class of Bridgeland stability conditions and
to study semistable objects. First, we need to take a pair of R- divisors D, F', with
F ample. Consider the following group homomorphism:

such that

Zom (€)== [ e PHPeh(6) T (X)

for each E € Coh(X). We can extend it to the Grothendieck’s group of the whole
derived category, K(2(X)), by simply setting:

Zp,r)(16°]) 1= D _(=1)"Zp,r) (H'(7)).

i
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Let us write the central charge in a more explicit way®. As we know, the expression
e~ (P+iF) gtands for the vector (1, —(D+iF), (D*~F?)+iD-F) = (1, D+iF, (D*—
F?)4iD - F)*. Therefore the central charge Z(p,r) simply reads:

Zp.p)(E°) = (P 0(&*)).

Therefore, for an arbitrary complex &*, supposing that v(&®) = (r, A, s) one has:

Z(&%) = ((1,—D +iF, %(DQ — F?)4iD-F),(r,A,s))

g(DQ —F%) —piD-F

(D+1iF)-A—s—
:D-A—i—z’F-A—s—g(Dz—FQ)—irD-F
:D-A—g(DQ—FQ)—s—l—iF(A—rD).

Ifr=£0:

Z(8°%) = %(QTD A —7*(D? — F?) — 2rs) +iF(A —rD)

= %(27‘D A —7r2D* A% £ A? 4 2F? — 2rs) +iF(A — D)
,

= (A= 2r8)* 4 72F? — (A~ D)) +iF (A — D)
,

while if » = 0, just the term (D - A —s) +iF - (A — rD) survives.

Second, we need a slicing which must be compatible with Zp r) in order to create
a Bridgeland slope function. We already know, by Proposition 2.3.5, that a stability
condition can be given as a pair (Z, ), where Z is a central charge and & is
a slicing compatible with Z, as well as a pair (Z, /), where 7 is the heart of a
bounded t-structure on the derived category Z(S): we choose, in this case, to look
for the heart of a suitable t-structure, and we will build it as a tilt. If 7 is the heart
of a t-strutcure on a given triangulated category &, we can define its right and left
tilt respectively as:

d* ={E€ 9| H,BE)=0Yi#-1,0, H,(E) e 7, H)(E) € #}

A" ={Eec2|H,/(E)=0Yi#0,1, HY(E)e 7, HY(E) € #}

where (7, %) is a torsion pair, i.e. a pair of full additive subcategories 7, % C <
such that:

1. Hom(7T,F) =0 for each T € ., F € F;

SNotice that here we have dropped square parentheses because we did not want notation to
be too heavy; however, from now on we will write &° to indicate its class [£°] € K(X), unless
differently specified.
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2. For each F € &/, there exists a distinguished triangle T — E — F' L Such
that T € 7, F € %.

In our case, we want to tilt with respect to the heart of the trivial t-structure
o/ := Coh(X). We define a suitable torsion pair as:

T := {torsion sheaves} U{& € & | uu(&) > D - F'}
F={&ecd | uy(&)<D-F}
and the corresponding tilted heart will be:

¥4

= {6 € D(S) | HI(EY) =0Vi£ 1,0, H'\(6%) € #, H(&*) € 7}

We want to show first that the pair (Z( D, F),JZ/(%, F)) makes a Bridgeland slope
function. To prove that it actually is a stability condition, we will need to show that
the central charge has the HN property, which will require some additional work.

Proposition 4.2.3. The pair (Z(p, ), %%7F)) is a Bridgeland slope function.

Proof. We need to show that for each &° € szf(#D{F) one has that Zp py(6°) € H.

Notice that if &° € &f(% ) there is a short exact sequence (in 42/(7; F)):
0— H (&[] — & — H(&*) — 0.

In fact, suppose that the equivalence class E in the derived category Z(S) is
represented by the complex:

v =[98 g2 45 o1 AT o0 A o1

Then the fact that & belongs to «/# implies that F is isomorphic to a complex
which looks like the following one:

50— .Cokerd 2 %5 o197 o0 &0 Ay

Then the complex H~!(&*)[1] is isomorphic to the complex

50— ..Cokerd 2 25 @1 I gt 50— .,

which naturally embeds in &°:

s Cokerd 29"~ o1 g1 L 0

L

> Cokerd 29 s o1 4 p0 A g0 4

o The first square obviously commutes;

e The second square commutes by definition: indeed, each of the two ways lead
to Imd~! by d~!;
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e The third square commutes by exactness: one of the first composition is
obviously zero, and the other one is zero, too, because the image of d~! is
contained in the kernel of d°.

The quotient is simply given by the complex

. Cokerd—2%" ~ p-1_d" Imf\l A 0
iid \Lid 7 l
0

> Cokerd 21" s ol L g0 g0 &

' ! v ; v
0 0 Cokerd! Imd® -2~

whose cohomology is exact the one we wanted: indeed, if we call 2° the quotient
complex, then

HY(2°) = Kerf = Kerd’ /Imd ™! = HY(&*)

HY(2*) = Imd’ /Imf = Imd°/Imd’ = 0
therefore, the complex @ is quasi-isomorphic to the complex {... — H?(£*) —
L} =HO(&).
Now, by the fact that distinct triangles split in K(X) and that Z is a group
homomorphism, it will suffices to show that:

1. If & € #, then Z(&[1]) € Hi;

2. if & € 7, then Z(&) € H.

Remark 4.2.4. Recall that Z(&[1]) = —Z(&)!

If & € 7, then either & is torsion or the slope of its semistable quotients is strictly
greater then D - F'. For what concerns the point 2), therefore, we need to distinguish
some cases:

& is torsion, dim Supp(&) =1 . Then

M) =0 = Z(&) = (CL(&) - D —s) +i(cs(&) - F).

But ¢1(&)-F > 0 because ¢ (&) is effective, therefore Z (&) lies in the upper-half
plane.

& is torsion, dim Supp(&) =0 . Then SZ(&) = 0, because ¢1(&) = 0. So we just
need to check that the real part of Z(&) is negative. But:

RZ(&) = —s = —cha(&) = c2(&)
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& is not torsion . Then we can assume & to be torsion free, as it suffices to show
that each of the semistable quotients of & lie in the upper-half plane. We are
now able to consider the slope of & with respect to F, which is subjected to
the condition:

,U,F((g’)>D‘F.

But we know that up(&) = le(é;?)'F, therefore the condition becomes ¢ (&) -
F—r(&)D-F >0,ie (c1(&)—r(&)D)-F > 0. By the explicit formula
which gives the central charge, (¢1(&) —r(&)D) - F = SZ(&), which implies
that Z(&) lies in the upper-half plane.

If we now suppose & € % to be torsion-free again (the motivation is exactly the
same), we have two cases:

urp(&) < D-F . Then, as above, le@jD < D - F, which equals

(&) -F—r(&)D-F=(c1(&)—r(&)D)-F<0.
Therefore 3Z (&) < 0 and SZ(&[1]) = -3Z(&) > 0

ur(&) =D -F . Again, we have SZ(&[1]) = 0, and by Hodge Index Theorem,
using the fact that F' is ample:

(c1(&) —r(&)D) - F =0 = (c1(&) — r(&)D)? < 0.

4.3 The covering map

The following lemma is slightly technical, so we will not prove it, but it is useful.

Lemma 4.3.1. Let || - || be a norm on the complexified numerical Grothendieck
group A (X)® C. Then, for each vector a € P (X) there exists a constant ro >0
such that

|(w, 0)| < raflull|(a; v)|

for each uw € /' (X)®C and v € A (X)®R such that (v,v) > 0. If a € Py(X),
moreover, one can choose rq such that the inequality holds for each uw € A (X)® C
and for each v € A(X).

Lemma 4.3.2. If « € Zy(X) and m > 0 is a constant, then there are only finitely
many elements v € A (X)suchthatv? > 2 and |(a,v)| < m.

Proposition 4.3.3. The subset Zo(X) C A (X) ® C is open, and the restriction
of the natural map:

Tla-1(zo(x)) 1 T H(Po(X)) — Po(X)

1S a covering map.
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Proof. There are two assertions to prove:

Py(X) is open . What we want to see is that for each vector o € Zy(X) there
is an open subset which contains o and which is itself contained in Zy(X).
Let us fix a norm || - || on the finite-dimensional vector space .4 (X) ® C, and
consider a vector o € Py(X). Lemma 4.3.1 assures us that there exists r, > 0
such that the inequality

|(u, 0)| < 7allul[|(a; )|

holds for each u € A4 (X) ® C and for each v € A(X) such that (v,v) > 0.
Now for each € > 0 define the subset:

Be(a) = {Bew<x>®<c 118 - ol < f} cH(X)aC

«

which is obviously open in .4 (X) ® C. We want to show that, for a suitable
choice of € > 0, the subset B.(a) C P(X). Take § € B:(«). Then one has:

[(B,v) = (a,0)| = |(B — a, )]
< TaHB - O‘HKO‘ﬂU”
< g|(a, )|

for each v € A(X). This means that if ¢ < 1, then 8 spans a positive-
definite two-plane in A4 (X) ® R and (3, v) # 0 for each v € A(X). Therefore
Bs(a) - gZO(X)

T|x—1(2y(x)) 18 @ covering map . Take o € Stab(X) such that 7(c) = a. We can
define a subset

1
C.(o) = {7‘ c 1 (B.(a)) | d(o,T) < 2} C Stab(X)
where d is the distance we defined in the second chapter on the space Stab(X).

Now, Lemma 4.1.6 tells us that if &* € 2(X) is a stable object, then
(v(&*),v(&°)) > 2 > 0, therefore the following inequality holds:

[(B,0(6™)) — (e, v(&*))] < el(a,v(E7))]
Theorem 2.4.10 allows us to conclude that for small enough e, the map
7T|CE(U) : Ce(0) — Be(a)

is onto, and hence, by Theorem 4.1.11 and Proposition 2.4.9, a homeomorphism.
It follows from this that every stability condition is full. Fix a positive real
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number n < %, and suppose that ¢ < w Then, by Theorem 2.4.10 and
Lemma

for each o € 771(a), the subset C-(o) is mapped homeomorphically by 7 onto
B.(0). The only thing we need to check is that there is a disjoint union

1 (B.(a)) = U C(o).

cen—(a)

This simply follows. Take 7 € 7~1(B.(a)), i.e. a stability condition 7 such
that 7(7) = 8 € Bo(«). If &* is T-stable, then

|(B8,0(67)) = (@, v(&*))] < el(a, v(&™))]

which implies that

(8, 0(6*)) = (e, 0(&*)] < T=I(8,v(&*))] < 22](8,u(E")].

Applying Theorem 2.4.10 again gives that there is a stability condition o €
71 (a) such that d(o,7) < 1, and then 7 € Cc(0).

O]

Definition 4.3.4. A connected component Stab*(X) C Stab(X) is called good if it
contains a stability condition o such that w(o) € F5(X). A stability condition is
called good if it lies in a good connected component

Remark 4.3.5. A good connected component is also full. Indeed, by Proposition
4.3.3, the image of the map

7 : Stab*(X) — A (X)® C

contains one of the two connected components of #,(X), which is not contained in
any linear subspace of .4 (X) ® C.

Remark 4.3.6. Aut2(X) acts on the set of good stability conditions, because it acts
as an isometry preserving thus the fact that the image of a stability condition lies in

Po(X).

4.4 Wall-and-chamber

What we want to show in this section is that if a connected component Stab*(X) C
Stab(X) is good, then it has a wall-and chamber structure. More precisely, if we
consider a compact subset B C Stab*(X) and a finite set of objects S C Z(X), then
there is a finite collection of walls, i.e., submanifolds of codimension one, such that if
one deforms a stability condition o € Stab*(X), then one of the elements if S which
is stable can only become unstable as o crosses one of the walls. However, the set
S needs not to be finite: the hypotesis can be weakened by simply asking that its
elements have bounded mass.
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Definition 4.4.1. A set of objects S C Z(X) is said to have a bounded mass in a
connected component Stab*(X) C Stab(X) if

sup{mq,(&°®) | &°* € S} < 400

for some o = (Z, ) € Stab*(X). The mass of &* is defined to be the positive real
number m,(&*) = >, |Z(<7*)|, where the </*’s are the semistable quotient in the
Harder-Narasimhan filtration of &°. Note that the fact that Stab*(X) is connected
implies that d(o,7) < +oo for all o,7 € Stab*(X), so if that condition holds for
some o € Stab*(X), then it holds for all the stability condition in that connected
component.

The following lemma is very important:

Lemma 4.4.2. Suppose that the subset S € 2(X) has bounded mass in some good
component Stab*(X). Then the set

{v(€®) | €* € 5}
is finite.

Proof. Simply use the definition of mass: by assumption, there exist a o € Stab*(X)
such that w(o) € #y(X) and an m > 0 such that m,(&*) < m for each &° € S.
This implies that

mo(6°) = 3 |2(e7)] < m.

By the fact that for each stable object /® one has v(%/®)? > 2 (Proposition 4.1.6)
and Lemma 777

it follows that there are only finitely many possibilities for the Mukai vectors of the
semistable factors, then there are also only finitely many possibilities for the Mukai
vector of &°. O

Now we can better analyze the wall-and-chamber structure which we have announced
in the introduction:

Proposition 4.4.3. Let S € Z(X) be a set of objects with bounded mass in a good
connected component Stab*(X) C Stab(X) and B C Stab*(X) be a compact. Then
there is a finite collection:

{W’Y}wel‘

of real codimension-one submanifolds of Stab*(X), which need not to be closed, such
that any connected component

cCcB\JWw,
yel
has the following property: if &° € S is semistable in o for some o € C, then &° is
also stable for all T € C' and if, moreover, &* € S has primitive Mukai vector (i.e.,
v(&®*)Z is a primitive sublattice of the lattice associated to H*(X,7Z)), then &° is
T-stable for all T € C.
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Proof. Define

TCP2X):={0#£d°c D(X)|ms(*) <my(&®) for some 0 € B and &* € S}.

By the fact that B is compact, we can say that the quotient z:g‘;:% is uniformly

bounded for each o, 7 € B, so the subset T'C Z(X) has bounded mass in Stab*(X).
Notice that all the semistable factors of the elements in S lie in T. Now, applying
the previous Lemma, we can consider the finite set

{vi, 1 € I | v; =v(&®) for some &° € T'}

and the set of indices

I'={(4,5) € I x I | v; and v; do not lie on the same real line in A4 (X) ® R}.

Finally, take v = (i,7) € I" and define

W, = {0 = (Z, P) € Stab*(X) | gszj)) € R>0}.

Since Stab*(X) is a good component, which implies that it is also full, then the map
7 : Stab*(X) — A(X) ® C is a local homeomorphism. Since W, is the inverse
image under 7 of an open subset of a real quadric in A4 (X) ® C, then it is a real
codimension-one submanifold of Stab*(X).

Now, if C' C B is a connected component of

B\ W,

vyer

and &° € S, we can consider a subset V C C

V:i={oce€C|&* is o —semistable }

assuming V' to be nonempty. We want to show that V is open in C, and that V
coincides with C'. Suppose that o = (Z, &) € V and &° € £ (¢) for some ¢ € R.
Now, take n € (0, é) such that the open neighborhood

U={r € Stab(X) | d(o,7) < n}

is entirely contained in C. The assumption that n € (0, %) tells us that if &7 is a
semistable factor of &*® for some stability condition belonging to U, then o/® lies in
the abelian category

dz@((gb—;,gﬂ—ﬂ) c 2(X)
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and that the central charge of & with respect to some 7 = (W, 2) € U lies in the
half-plane

, 1 1
H¢:{re”w|T>Oand¢—2<w<¢+2}.

Suppose that &* is unstable for some o’ = (Z’, 2’) € U. Then there is a semistable
factor .&7® of &* with respect to o’ which is a subobject of &* in the category < and
which satisfies %% > 0. As 7 varies in U, then the complex numbers W (<7*)

and W (&*) remain in Hy and therefore, since U is a connected component of

B\ |Jw,,
vyer
and &°, &° €T, then %I{,VV((?:)) > 0 for all 7 = (W, 2), which contradicts the fact
that &* is o-semistable. Now, suppose that &°® € S has primitive Mukai vector, and
suppose that &° is semistable but not stable for some o € B. Each stable factor of

&® has mass less then &°, so its Mukai vector belongs to the set

{vi, i € I | v; =v(&*) for some &° € T'}.

Since v(&*) is primitive, not all the Mukai vectors of the stable factors of &* are
multiples of the Mukai vector of &* But the phases of all the stable factors are the
same, so one must have o € W, for some v = (¢,5) € I. O
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